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Abstract

The problem of validating or criticising models for georeferenced data is challenging

as the conclusions can vary significantly depending on the locations of the validation set.

This work proposes the use of cross-validation techniques to assess the goodness of fit

of spatial models in different regions of the spatial domain to account for uncertainty

in the choice of the validation sets. An obvious problem with the basic cross-validation

scheme is that it is based on selecting only a few out of sample locations to validate

the model, possibly making the conclusions sensitive to which partition of the data into

training and validation cases is utilized. A possible solution to this issue would be to

consider all possible configurations of data divided into training and validation obser-

vations. From a Bayesian point of view, this could be computationally demanding, as

estimation of parameters usually requires Monte Carlo Markov Chain methods. To deal

with this problem, we propose the use of estimated discrepancy functions considering

all configurations of data partition in a computationally efficient manner based on sam-

pling importance resampling. In particular, we consider uncertainty in the locations by

assigning a probability distribution to them. Furthermore, we propose a stratified cross-

validation scheme to take into account spatial heterogeneity, reducing the total variance

of estimated predictive discrepancy measures considered for model assessment. We il-

lustrate the advantages of our proposal with simulated examples of homogeneous and

inhomogeneous spatial processes. In particular, for the inhomogeneous example we in-

vestigate the effects of our proposal in the context of preferential sampling designs. The

methods are illustrated with an application to a rainfall dataset.

A crucial issue in the cross-validation method considered in this work is the selection

vi



of the training sample size and the location of validation sets. In particular, influential

locations may play an important role in the training set definition. To address this issue,

we present an expression for computing the Kullback-Leibler information between the

posterior based on the full dataset and the posterior obtained using only the training set.

Cross-validation techniques are used jointly with the Kullback-Leibler information in the

definition of minimum training samples for spatial model validation.

Keywords Bayesian inference, Data partition, Spatial processes, Model criticism, Dis-

crepancy function, Importance sampling.
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Chapter 1

Introduction

In many practical problems, the researcher is interested in modelling some phe-

nomenon that occurred in space as a stochastic process. The usual model criticism

is done through model comparison and prediction for a few out-of-sample observations.

These model checks are not able to assess whether the assumed model is plausible for

the data in the whole spatial domain. From a theoretical point of view, statistical in-

ference goes beyond parameter estimation and prediction (see Robert, 2007, page 343).

Often, tests are performed regarding parameters from models which are not adequate to

the data under study. That is, model adequacy checking should not be based on model

parameter testing. In this context, goodness of fit of the assumed model is an important

step. However, in the geostatistical context, this is a challenging task since only one

realization of the process is available for both parameter estimation and model checking.

The usual approaches for model checking in spatial statistics are based on selecting a

subset from the locations to make prediction with the assumed model. The observed val-

ues which were left out of the estimation procedure are then compared with the predicted

values. However, the choice of locations used for model fitting and prediction is usually

ad-hoc. Ideally, model validation techniques should allow for assessing the goodness of

fit of spatial models in different regions of the spatial domain. Our main goal in this

work is to consider this validation set uncertainty in the validation of spatial models for

geostatistical data.

Diggle (2014) points out that if a spatial model fits the data well, it can be used
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to generate datasets which are statistically similar to the observed sample. This idea

suggests that cross-validation techniques are potentially useful tools for model checking.

In the literature, various authors have suggested the use of cross-validation for mod-

elling univariate data. Burman (1989) introduces validation techniques in a study of

optimal transformation of variables, based on k-fold cross-validation and repeated learn-

ing testing methods. Thall et al. (1997) demonstrate that repeated data splitting is

preferred over k-fold cross-validation. They propose to apply cross-validation to a very

large number of randomly generated partitions of the data. The conditional predic-

tive ordinate (CPO) proposed by Gelfand (1996) is a very useful model assessment tool

which has been widely used in the statistical literature under various contexts, such as

in the detection of surprising observations. Conditional predictive ordinate is based on

leave-one-out cross-validation (LOO-CV).

From a Bayesian standpoint, Marshall and Spiegelhalter (2003) and Burman (1989),

amongst others, show that the cross-validation can be computationally very expensive,

since a full MCMC analysis has to be repeated, leaving out each in turn validation set.

Stern and Cressie (2000) consider importance weighting and resampling methods in the

context of posterior predictive model checking via CPO and posterior predictive p value.

Gelman et al. (2014) review some information criteria, such as Akaike, deviance and

Watanabe-Akaike (WAIC - Watanabe (2010)) from a Bayesian perspective, using out-

of-sample and LOO-CV techniques. In the same context, Li et al. (2016) discuss two

predictive evaluation methods based on Importance Sampling (Gelfand et al. (1992))

and WAIC in Bayesian models with possibly correlated latent variables via LOO-CV and

Vehtari et al. (2017) use the sample approach introducing an efficient computation of

LOO-CV using Pareto-smoothed importance sampling to measure the predictive accuracy

in Bayesian models.

In the context of accounting for uncertainnty in the choice of validations sets, Alqallaf

and Gustafson (2001) propose Bayesian cross-validation for several data partitions sam-

pled from the prior distribution of the possible partition into training and validation sets.

The model checking is based on estimating discrepancy functions, which are statistical

measures commonly used in the literature for model comparison.
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The several proposals for model validation have in common the use of some measures

of predictive accuracy for model prediction. These measures are often known as scoring

rules and measure the closeness between observed out-of-sample observations and model

predicted values. Some examples include Interval Score (IS), Log Predictive Score (LPS)

(for more details see Gneiting and Raftery (2007)). Other measures are adopted to

validate the performance of the model, such as Mahalanobis-Distance, Square Mean

Error and posterior predictive p-value. We will use these measures in our cross-validation

proposal.

Although many papers have exploited cross-validation methods for univariate data,

this is not the case for spatial data analysis. For instance, the usual setup for model

checking in geostatistics is to make prediction for one or a few selected validation sets.

Cressie (1993) states that the basic cross-validation idea in the spatial setup is to delete

some of the data and use the remaining data to predict the deleted observations. Then

the prediction error can be inferred from the predicted and observed values. If the model

adequately described the implicit spatial dependence on the dataset, then the predicted

value should be close to the true value.

However, the choice of observation sites in a spatial process is not always “robust”

to the considered sampling or allocation of sites. In general, it does not consider the

sampling process that generated the locations. In fact, models that ignore information

about sample selection can lead to wrong inferences and, therefore, to wrong predictions.

In that context, we propose to allow for uncertainty in the selection of the validation sets

by considering a prior distribution for the spatial locations.

The use of cross-validation techniques in a large volume of spatial data becomes a

computational challenge, due to the difficulty of applying traditional prediction meth-

ods in a time-tolerant boundary. If we were to make prediction for several vectors of

points, the cross-validation procedure would be repeated again for all possible selected

configurations of training and validation samples. For most geostatistics problems, this

scheme becomes computationally prohibitive. Thus, more sophisticated approach are

useful, both to reduce the final cost and increase efficiency. To deal with this prob-

lem, we propose an efficient algorithm for cross-validation, which is based on importance
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weighting and only a handful of MCMC (Markov Chain Monte Carlo) runs.

As discussed in Berger and Pericchi (2004), an important objective of Bayesian model

selection is the definition of training samples. However, the choice of the training data

is not trivial. In particular, this is most relevant in the spatial data analysis context,

because different sets of training data might lead to very different inferences.

A crucial issue in the cross-validation method considered in this work is the selection

of the training sample size and the location of validation sets. In particular, one may ask

which would be a minimum training sample size to allow for good parameter estimation

and predictions. In this context, influential locations may play an important role in the

training set definition. In order to verify the influence of the spatial locations in the

validation method proposed we present a expression for computing the Kullback-Leibler

information (Kullback and Leibler (1951)) between the posterior based on the full dataset

and the posterior obtained using only the training set. Cross-validation techniques are

used jointly with the Kullback-Leibler information in the definition of minimum training

samples for spatial model validation.

1.1 An illustrative example: Uncertainty of data par-

tition

Consider an illustrative example simulated in a unit square with n = (20, 60, 90) data

points randomly located within the area (irregular grid). Figure 1.1 presents the spatial

arrangement Thus, the responses are Y = (Y (x1), . . . , Y (xn)) which are distributed as

Y | σ2, φ, ν ∼ ST
(
0, ν, σ2R

)
, (1.1)

where the realizations from a Student-t process with ν = 3, σ2 = 1 and varying values

for φ = (0.05, 0.30, 0.70) and R is a correlation matrix with elements rij = exp{−||xi −
xj||/φ}, with range parameter φ > 0 that determines the rate at which the correlation

between observations decreases as distances grow. The decay is faster for small values for

φ and smoother for larger values for φ (more details see Appendix A). Figures 1.1 and 1.2
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present the spatial arrangement and the three different correlation functions considered,

respectively. Besides that, a smaller ν increases the likelihood of outliers.

(a) n = 20 (b) n = 60 (c) n = 90

Figure 1.1: Sample locations generate randomly within the unit square.

Figure 1.2: Exponential correlation function varying φ, where the axis x represents the

distance u and the axis y represents the correlation.

For prediction purpose, we randomly choose I = 100 validation configurations of all

possible subsets of size nV . Notice that there are
(
n
nV

)
possible validation sets, thus

performing cross-validation for all possibilities is too time consuming. For this arbi-

trarily chosen configurations, we omitted randomly 0.05n and 0.25n points (validation

sampling) and calculated the predicted value for these locations using the remaining

points (training sampling). We fitted the Gaussian (GM) and Student-t (STM) models

to the simulated data and used MCMC techniques for estimating the model parameters.

The prior distributions considered for STM and GM models are σ−2 ∼ G(0.1; 0.1) and
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φ ∼ G(1, 0.22/med(u)), with med(u) representing the median of distances in the data.

The parameter ν has a Jeffreys prior distribution as proposed in Fonseca et al. (2008).

The prior distribution assigned to σ2, φ and ν, can be seen in Appendix B.

For model assessment we consider the Mahalanobis-Distance (Mahalanobis (1936) -

see more details in Section 3.4) as the discrepancy measure (D) which takes into ac-

count the correlation between observations. Thus, the model choice will depends on the

difference in the discrepancy functions for each model which is given by

δ(i) = D
(i)
STM −D

(i)
GM , i = 1, . . . , I, (1.2)

where I is the amount of validation configurations andD is a discrepancy measure, so that

if δ(i) < 0 we have that STM is preferable than GM. This works if the discrepancy function

is such as the smaller the discrepancy the better. Figure 1.3 presents the boxplots for 100

randomly selected validation configurations for cross-validation performance varying n,

φ and nV . Notice that we have different results for each choice of validation sample size.

If we consider the validation set with size 5%n the percentages of wrong decisions are

considerably larger than when we consider 25%n. The percentages of wrong decisions are

also larger when φ is large (for example, see case n = 90 considering 5%n and and 25%n),

which indicates that the larger the spatial correlation the more difficult it is to choose

between Gaussian and Student-t models. According to Breusch et al. (1997), similar

inferences are made about the mean µ under GM and STM, but different inferences

can be made about scale, because the scale is differently represented in the two models.

Thus, each model used for prediction might lead to different prediction intervals for

ungauged locations. This difference in the inference and predictions also depends on

the range parameter as indicated by our simulated illustration. As discussed in Alqallaf

and Gustafson (2001), an obvious problem with the basic cross-validation scheme is that

the results may be sensitive to which particular partition of the data into training and

validation cases is utilized. In some circumstances, predictive assessments may even be

sensitive to how the data are segmented for k-fold cross-validation (Burman (1989)).
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Figure 1.3: Cross-validation performance: boxplots of predictive discrepancy measure

for GM versus STM varying n, φ and nV . First row represents nV equal to 0.05n and

second row represents nV equal to 0.25n. Values of δ below the dashed line imply that the

STM model is preferable. Numbers represent the percentage of times the wrong model

(Gaussian) was selected when considering the discrepancy function in equation (1.2).

In the context of spatial data analysis, the influence of location arrangement in the

region of interest must be taken into account. In addition, the size of the validation

sample and the value of the range parameter seem to be crucial for model choice. This

illustrative example motivates our work to incorporate the uncertainty in the validation

set in the full Bayesian inference for the unknowns which besides the model parameter

and predictions include the partition in validation and training sets.

From this illustrative example, we propose an approach that is able to verify the

goodness of fit of a model for different configurations of data validation sampling and
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still preserve computational feasibility.

1.2 Contribution

In this work, the spatial locations are assumed to be a random sample from a specified

distribution and locations are sampled to compose the validation set according to the

prior probabilities of the sets.

The predictive performance of a model is typically based on the assumption that the

reference model is believed to best describe the knowledge about future or out-of-sample

observations. In the scope of geostatistical modelling, the basic components are spatial

locations and data observed at these locations. According to Cressie (1993), the data,

or even sometimes the locations, are assumed to be random. In this circumstance, the

use of adequate spatial models is crucial for prediction. In our proposal, the model is

evaluated in its hability to reproduce the observations in the validation set. The observed

and predicted values are compared based on discrepancy functions.

Our main contribution is to develop an efficient computing procedure to make cross-

validation of statistical models for spatially correlated data. Thus, we extend the work

of Alqallaf and Gustafson (2001) to correlated data modelling, in particular, the spatial

dependence and training and validation sets uncertainty are take into account by allowing

the locations to be realizations of a spatial point process. In particular, we propose 3

distributions for the spatial locations. The first proposal is uniform on the spatial domain

as in Alqallaf and Gustafson (2001). The second proposal is a conditional distribution

which is based on distances from selected points aiming a better coverage of the spatial

region of interest. The third proposal is uniform in several strata. For that purpose, we

adopt spatial stratified sampling, where the possibly heterogeneous area is divided into

several subareas more homogeneous than the whole area, reducing the total variance of

estimated predictive discrepancy measures. Besides, this proposal allow for identification

of subregions where the model has a poor predictive performance.

Finally, we investigate the effect of validation sample size and spatial range param-

eter in the definition of minimum training samples. This is done through an iterative
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algorithm based on the Kullback-Leibler information that evaluates the influence of the

locations in the spatial region of interest. We explore the effect of different choices for

the training sample size depending on the spatial range parameter.

1.3 Outline of the thesis

This thesis is organized as follows. Chapter 2 briefly reviews the main aspects of

spatial data analysis, namely, basic geostatistical models, spatial arrangements and in-

ference. In Chapter 3, we describe the Bayesian cross-validation of the spatial data using

estimators of expected discrepancy functions via MCMC (Markov Chain Monte Carlo),

and we also report a procedure for validating models based on stratified spatial data. In

particular, it is proposed new prior distributions to allow for: (i) spatial heterogeneity,

(ii) reducion in total variance of estimated predictive discrepancy measures considered

for model assessment. Besides that, simulated examples are presented and we show an

application to a rainfall dataset. Chaper 4 considers the problem of detecting spatial

locations that can be influential according to the spatial arrangement. In the Bayesian

context, we discuss a scheme for selection of training samples for spatial correlated data

based in distance measures using posterior distributions and we develop a sequential al-

gorithm to select training samples. Finally, in Chapter 5 we present an overview of the

main results of this thesis and discuss some areas for future developments.
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Chapter 2

Spatial Modelling

In this chapter we present the essential elements of spatial models for geostatistical

and point patterns data analysis.

2.1 Basic geostatistical model

The fundamental concept underlying the theory according to Banerjee et al. (2004)

is a stochastic process {Y (x) : x ∈ A}, where A is a fixed subset of a d-dimensional

Euclidean space. In the spatial context, we usually have d equal to 2 (northings and

eastings) or 3 (northings, eastings and altitude). We consider situations where d > 1 and

refer to them as a spatial process.

Let us consider a finite set of spatial sample locations x = (x1, x2, . . . , xn) within a

region A. Geostatistical data consist of measurements taken at the sample locations x.

Therefore, we denote the data vector by (y(x1), y(x2), . . . , y(xn)), the observed values of

a random vector Y . We assume that x varies continously throughout the region A.

According to Diggle et al. (2010), the data are obtained by sampling a spatially

continuous phenomenon S(x) at locations x1, . . . , xn. Hence, if Yi denotes the measured

value at the location xi, a simple model for the data takes the form

Yi = µ+ S(xi) + Zi i = 1, . . . , n, (2.1)

where µ represent the mean and the Z ′is are mutually independent, zero-mean random
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variables with variance τ 2 is called nugget effect, which can be interpreted as sam-

pling error or inherent geological variability (or both). The underlying spatial process

{S(x) : x ∈ R2} is a stationary Gaussian process with zero mean, constant variance σ2

and correlation function ρ(u, φ), where φ is the correlation parameter and u is the distance

between two locations.

A stochastic process is said strictly (or strongly) stationary if its finite-dimensional

distribution is invariant to translation. If the autocorrelation function do not depend on

the direction, i.e., is invariant to rotations, we say that the process is isotropic. Thus,

a stationary and isotropic Gaussian process has constant variance σ2 and correlation

function ρ(S(x);S(x′);φ) = ρ(||u||, φ), where ||u|| presents the distance between two

locations x and x′. Therefore, Y ∼ Nn(µ1, σ2R+τ 2In) where R represents the correlation

matrix with elements rij = ρ(||xi − xj||;φ) and diagonal matrix In.

Gaussian stochastic processes are commonly used in practice for geostatistical data

due to the facilities coming from the properties of the multivariate Gaussian distributions.

Although the Gaussian process is mathematically convenient, its assumption can be very

restrictive and the data may often present non-Gaussian characteristics, see Fonseca and

Steel (2011) for details.

2.1.1 Inference for geostatistical models

This section presents a benchmark model for a spatial data analysis. These models

will be compared in the context of the cross-validation techniques presented in this thesis.

Inference for model parameters and predictive distributions are also described.

In the following, it is considered a mixture model in a geostatistical context. The

general spatial mixture model considered for model fitting is given by

Y (x) = µ+
S(x)

δ1/2(x)
+ Z(x), ∀x ∈ A. (2.2)

where the process δ(x) is the mixing process allowing for spatial heterogeneity. If δ(x) 6= 1

the spatial mixture process is non-gaussian. Consider the observations y1, . . . , yn at lo-

cations x1, . . . , xn. The particular cases of model (2.2) investigated are detailed as follows.
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(M1) Gaussian model: We set δ(x) = 1, ∀x ∈ A as a benchmark. The distribution

of Y is

y | µ, σ2, φ ∼ N
(
1µ, τ 2In + σ2R

)
. (2.3)

(M2) Student-t model: Define δ(x) = δ, ∀x ∈ A such that δ | ν ∼ Ga(ν/2, ν/2).

Then, by marginalization, the distribution of Y is

y | µ, σ2, φ, ν ∼ ST
(
1µ, ν, τ 2In + σ2R

)
. (2.4)

Similar to the Gaussian process, the Student-t process has the advantage of depending

on the mean and covariance functions. Details about the Student-t process in a non-

Bayesian context may be seen in Roislien and Omre (2006).

(M3) Gaussian-Log-Gaussian model: As proposed by Palacios and Steel (2006),

this process is able to capture heterogeneity in space through a mixing process used to

increase the Gaussian process variability,

y | µ, σ2, φ,∆ ∼ N
(
1µ, τ 2In + σ2(∆−1/2R∆−1/2)

)
. (2.5)

This model assumes ∆ = diag(δ(x1), . . . , δ(xn)) and ln(δ) ∼ Nn

(
−υ

2
1, υ R

)
. This mixing

generates a multivariate scale mixture of Normals. Properties, estimation and prediction

for the GLG model are introduced in Palacios and Steel (2006) and extended to the space-

time case in Fonseca and Steel (2011). The υ ∈ R+ is a scalar parameter introduced into

the distribution ln(δ) and variation inflation is achieved when it is close to zero.

In this work, we use the exponential correlation function given by

ρ(||u||, φ) = exp

{
−||u||

φ

}
(2.6)

with φ > 0 represents the range parameter which controls the rate of decay with distance

(u), i.e., the distance at which there is essentially no spatial correlation.

We follow the Bayesian approach for model estimation and prediction which is based

on the posterior distribution for model parameters. The posterior distribution is obtained

by the Bayes rule which is given by p(θ | y) ∝ f(y | θ)π(θ), with y the observed data, θ

the unknown parameters and π(θ) the prior distribution for the parameter θ. As p(θ | y)
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is usually not obtained in closed form, stochastic simulation methods are often called for

(Gamerman and Lopes (2006)).

If Gaussianity is assumed for S(x) as in (2.2) then the likelihood function for the

spatial model is given by

f(y | µ, σ2, φ) = (2π)−n/2 |Σ|−1/2 exp

{
−1

2
(y − 1µ)

′
Σ−1(y − 1µ)

}
, (2.7)

that is, y = (y1, . . . , yn)
′

follows an n-variate Normal distribution with mean µ and

covariance matrix Σ = τ 2In + σ2R. To complete the Bayesian model, we specify a

prior distribution for the parameters µ, σ2, φ by assuming prior independence, that is,

π(µ, σ2, φ) = π1(µ)π2(σ2)π3(φ). We consider usual parametric non-informative priors

µ ∼ Nn

(
0, τ 2

µ

)
with large value of τ 2

µ and σ−2 ∼ Ga(a, b) with small values of a and b.

For covariance matrix, we consider the exponential correlation function which depends on

the range parameter φ. We take into account that the prior on φ is critically dependent

of the scale of distances between locations. So, φ ∼ Ga (1, c/med(d)), with med(d)

representing the median of distances in the data. Markov chain Monte Carlo (MCMC)

methods are applied to estimate the posterior distribution p(µ, σ2, φ | y) and more details

about the MCMC scheme are deferred in Appendix B.

For the Student-t spatial process the likelihood function is given by

f(y | µ, σ2, φ, ν) =
Γ(ν+n

2
)

Γ(ν
2
)(νπ)n/2|Σ|1/2

[
1 +

(y − 1µ)
′
Σ−1(y − 1µ)

ν

]−(ν+n)/2

, (2.8)

with Γ(·) the gamma function, mean µ and covariance matrix Σ = τ 2In + σ2R. To

complete the Bayesian model, the prior distributions are considered independent and

the same as in the Gaussian case. The parameter ν has a Jeffreys prior distribution

as proposed in (Fonseca et al., 2008) which is detailed in Appendix B.1. The posterior

samples for model parameters are obtained by the the Metropolis-Hastings steps for

µ, σ2, φ and ν which are based on random walk proposals.

For Gaussian-log-Gaussian spatial process we assume a mixing variable δi ∈ R+ as-

signed to each observation i = 1, . . . , n, which leads to a multivariate Gaussian distribu-

tion for y conditional on δ = (δ1, . . . , δn). The resulting likelihood function is such as in

(2.7) with Σ replaced by Σ = τ 2In + σ2(∆−1/2R∆−1/2), with ∆ = Diag(δ1, . . . , δn). To
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complete the Bayesian model, we specify for parameters µ, σ2, φ the same priors consid-

ered for the Gaussian case, and for the parameter υ we set a GIG(0, δ, ι) (gaussian inverse

gaussian), where for very small values (around 0.01) correspond to near Normality and

large values (of the order of say 3) indicate very thick tails and ln(δ) ∼ Nn(−υ
2
1, υR).

The posterior samples for model parameters are obtained by the Gibbs algorithm with

Metropolis-Hastings setps for φ, υ and δ which are based on random walk proposals.

For a more elaborate algorithm, see Palacios and Steel (2006). Appendix B presents the

prior distributions and posterior inference for the model parameters.

In the context of prediction, let y = (y0,ys) where y0 represents out-of-sample obser-

vations for which we want to obtain predictions and ys represents the observations used

for parameter estimation. Predictive distributions are obtained in closed form for all con-

sidered models. For the Gaussian model the conditional distributions remain Gaussian

with mean and variance given by

E[Y0 | ys] = µ0 + Σ0sΣ
−1
ss (ys − 1µs) (2.9)

V ar[Y0 | ys] = Σ00 − Σ0sΣ
−1
ss Σs0, (2.10)

where we have partitioned

µ =


µ0

µs


 Σ =


Σ00 Σ0s

Σs0 Σss




For the Student-t model the conditional distributions remain Student-t with degrees

of freedom ν0|s = ν + ds, with mean and variance given by

E[Y0 | ys] = µ0 + Σ0sΣ
−1
ss (ys − 1µs), (2.11)

V ar[Y0 | ys] = ξ(s)
[
Σ00 − Σ0sΣ

−1
ss Σs0

]
, (2.12)

with
ξ(s) =

ν + (ys − 1µs)
′
Σ−1
ss (ys − 1µs)

ν + ds
,

which ds represents the dimension of vector ys. Note that by letting ν go to infinity, we

can recover the Gaussian conditional covariance structure. See Roislien and Omre (2006)

for more details.
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For the Gaussian-Log-Gaussian model case and conditional on the mixing variables

δ, the predictive distributions are analogous to (2.9) and (2.10) with Σ = τ 2In +

σ2(∆−1/2R∆−1/2). The mixing variables δ are considered latent variables and are sam-

pled in the MCMC algorithm, details are deferred to Appendix B.1.

2.2 Point Patterns

In the analysis of point patterns, we study phenomena that can be modeled through

specific point processes, where the interest of the research is in analysing the intensity of

the occurrence of events, and/or in assessing the existence of clusters or spatial repulsion

patterns.

According to Diggle (2014), we call any such dataset a spatial point pattern and refer

to the locations as events, to distinguish these from arbitrary points of the region in

question. A spatial point process is a stochastic mechanism that generates a countable

set of events xi in the plane. Usually, we assume that process are stationary and isotropic.

Stationarity means that all properties of the process are invariant under translation, and

isotropy means that they are invariant under rotation.

In addition to analyzing the intensity of events in the region of interest, the spatial

point pattern modelling can be classified into the following types of pattern:

(a) Completly random pattern associated to homogeneous poisson process (defined

in Subsection 2.2.2) in a spatial region of interest A.

(b) Clustered pattern the occurrence of an event in a given location x is associated

with the occurrence of other events at close locations.

(c) Regular pattern the occurrence of an event in a given location x repels the occur-

rence of close events producing a regular pattern of disposition point.

According to Cressie (1993), the standard, against which spatial point patterns are

often compared, is (a realization from) a completely spatially random point process. We

refer to complete spatial randomness (CSR) as a synonymous of a homogeneous Poisson
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process in R2. This process has the property that, conditional on N(A), the number

of events in a bounded region A ⊆ R2, the events of the process are independently and

uniformly distributed over A.

We can define a spatial point process X as a finite random subset of a given region

A ⊂ Rd, for d = 1, 2, 3. A realization of this process is called points pattern, (x1, . . . , xn).

2.2.1 Second-order properties

Diggle (2014) states that a point process can be represented througth first-order and

second-order properties. For the case of first order effects, the interest is in λ(x), the

intensity process, i.e., the average number of events per unit area. Second-order effects

represent the spatial dependence of the process based on the correlation structure.

Consider a set of points (x1, . . . , xn) in a particular region of interest A. The first-order

properties are described by an intensity function

λ(x) = lim
|dx|→0

{
E [N(dx)]

|dx|

}
,

where this limit corresponds to the expected value of the number of events in a sub-region

W ⊂ A for small region dx around the point x, when it tends to zero and |dx| is the

area of this region. For a stationary process, λ(x) assumes a constant value λ, the mean

number of events per unit area.

The second-order intensity function is similarly defined by the following joint intensity

λ2(xi, xj) = lim
|dxi|,|dxj |→0

{
E [N(dxi)N(dxj)]

|dxi||dxj|

}
,

where xi and xj are locations in region A, that is, the joint intensity between |dxi| and

|dxj| containing the xi and xj locations. For a stationary and isotropic process λ2(xi, xj)

it is reduced to λ2(t) and t = ||xi − xj|| represents the Euclidean distance. If a process

is non-stationary, the dependence structure between the points incorporates the range of

λ(x).
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2.2.2 The homogeneous Poisson Process

In this context, the homogeneous poisson process represents the simplest possible

stochastic mechanism for the generation of spatial point patterns, {X(xi, xj) , xi, xj ∈ A}.
The Poisson process is conveniently defined by the following postulates, which correspond

exactly to the definition of complete spatial randomness given in Diggle (2014),

(PP1) For some λ > 0, and any finite planar region A, N(A) follows a Poisson distri-

bution with mean λ|A|, then N(A) ∼ Poisson(λ|A|).

(PP2) Given N(A) = n, the n events in A form an independent random sample from

the uniform distribution on A, i.e., (x1, x2, . . . , xn) ∼ Uniform(|A|), where the

point position is uniform inside the region.

(PP3) For any two regions A and A′, the random variables N(A) and N(A′) are inde-

pendent.

2.2.3 The inhomogeneous Poisson Process

A class of non-stationary point process is obtained if the constant intensity λ of the

Poisson process is replaced by a spatially varying intensity function, λ(x). This defines

the class of inhomogeneous Poisson process, for which

(IPP1) N(A) has a Poisson distribution with mean
∫
A
λ(x)dx

(IPP2) Given N(A) = n, the n events in A form independent random samples from

the distribution on A with probability density function proportional to λ(x).

2.2.4 The Cox Process

Point processes may have intensities which are stochastic in nature. This suggests

investigation of a class of doubly stochastic es formed as inhomogeneous Poisson processes

with stochastic intensity function. Such processes are called Cox processes and can be

defined by the following postulates.
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(CP1) {Λ(x) : x ∈ R2} is non-negative-valued stochastic process.

(CP2) Conditional on {Λ(x) = λ(x) : x ∈ R2}, the event form an inhomogeneous Pois-

son with intensity function λ(x).

First-order and second-order properties are obtained from those of the inhomogeneous

Poisson process by taking expectation with respect to {Λ(x)}.

• E[Λ(x)] = λ (stationary case).

• λ2(xi, xj) = E[Λ(x)Λ(y)] (stationary and isotropic case).

Analogously, we have a Log-Gaussian Cox Process if

Λ(x) = exp {W (x)} , (2.13)

where
{
W (x), x ∈ A ⊂ Rd

}
, and W (·) is a Gaussian process.

2.2.5 Geoestatistics under preferential sampling

Unlike the usual geostatistic approach, data in the form of a set of points, irregularly

distributed within a region of space, arise in many different contexts as preferential sam-

pling. In this context, Diggle et al. (2010) presents a methodology to perform inference

for usual geostatistical models under the preferential sampling hypothesis. The proposal

is based on a class of models that admits the possibility of stochastic dependence between

the spatial process that determines the locations and the spatial process of interest.

Thus, the preferential sampling arises when the process that determines the positions

of the data and the process being stochastically modeled are dependent. If this prefer-

ential sampling effect is ignored, we are subject to misleading inferences, in other words,

if preferential sampling were used, the data analysis could radically be changed.

It is usually considered that the sample points x are fixed by the design or generated

from an independent stochastic process. In the case that the sample design is stochastic

the distribution [Y, S,X] must be specified. We do not have a process under preferential

sampling if:

[Y, S,X] = [Y |S,X][S,X] = [Y |S,X][S][X]
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Thus, assuming that the sample design and study process are independent, we can use

conventional geostatistical methods. In contrast, if Y is observed at the points of X, the

appropriate factorization is

[Y, S,X] = [S][X | S][Y | S,X]

= [S][X | S][Y | S(X)]

where dependence between S and X in terms [Y |S,X] cannot be ignored, that is, if

[X,S] 6= [X][S] we are under preferential sampling. The model under preferential sam-

pling assumes that the spatial process is observed in points from a pontual process, the

distribution of which depends on S.

Diggle et al. (2010) proposed a specific class of models following additional assump-

tions of model stated in (2.1)

Assumption 1 S is a stationary Gaussian process with mean 0, variance σ2 and cor-

relation function ρ(u, φ) = Corr(S(x), S(x′)) for any x and x′ from a distance u

apart.

Assumption 2 Conditional on S, X is an inhomogeneous Poisson process with log-

linear intensity function

λ(x) = exp {α + βS(x)} (2.14)

Assumption 3 Contitional on S and X, Y is a set of mutually independent Gaussian

variates with Yi ∼ N(µ+ S(xi), τ
2).

It follows from assumptions 1 and 2 that, unconditionally, X is a Log-Gaussian Cox

process. If β = 0 in equation (2.14), then it follows from assumptions 1 and 3 that

the unconditional distribution of Y is multivariate Gaussian with mean µ1 and variance

matrix τ 2In+σ2R, where Iτ is the identy matrix and R has elements rij = ρ(||xi−xj||;φ).

Other authors as Pati et al. (2011) generalized this idea introducing covariates in the

intensity process and the average variable of interest. Ferreira and Gamerman (2015) use

optimal allocation to choose a new location under preferential sampling.
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Chapter 3

Cross-validation of Bayesian models

for spatially correlated data

We consider the uncertainty in the choice of data split into validation and training

sets by defining a prior distribution of such sets. In the Bayesian analysis of spatial data,

the fit of the model usually requires MCMC sampling from the posterior distribution. We

extend the technique proposed by Alqallaf and Gustafson (2001) to spatially correlated

data, so the validation measure does not require a separate posterior sample for each

training sample.

3.1 The reference distribution for spatial data

Suppose that the observed data consist of responses y = (y1, y2, . . . , yn) arising from

the process Y (x) and locations X = (x1, . . . , xn) described in equation (2.1). Our

cross-validation assessments are based on expectations under a reference distribution

for (sy,y, θ,y
rep), following Alqallaf and Gustafson (2001), where the split sy is a 0 – 1

vector which divides the n cases into training and validation cases. The parameter θ de-

scribes the statistical model and the replicated response yrep is a hypothetical realization

of the response vector.

For the purpose of building the split vectors, we denote the sample sizes of training

(0 - zero) and validation (1 - one) by nT and nV , respectively. In this case, nT and nV
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are fixed values and n = nT +nV . In spatially correlated data, we define the specific split

vector as

sl =





0, xl is a training location

1, otherwise,

and split vector sy = (s1, . . . , sn) are vectors of the same dimension of y, indicating for

all locations x1, . . . , xn where yl, l = 1, . . . , n is used for training or validation.

Our interest lies in the reference distribution which is most easily defined via factor-

ization

p(sy,y, θ,y
rep) = p(sy)p(θ | sy,y)p(yrep | θ, sy,y). (3.1)

Firstly, we consider the prior p(sy) to be the uniform distribution over such splits as

proposed by Alqallaf and Gustafson (2001). Notice that this choice of prior might not

be reasonable if there is a pattern in the X = (x1, . . . , xn) generation, as in the case of

inhomogeneous processes. To account for this possible feature of spatial data, we consider

an extension of this prior in Section 3.3. The uniform prior is given by

p(sy) =

(
n

nT

)−1

if
n∑

j=1

sj = nT . (3.2)

As a result the split vectors are independently generated. The splits sy are uniformly

distributed over the entire spatial domain.

The second probability distribution assumed for the sets is based on Euclidean dis-

tances considering a finite set of spatial sample locations x̃k = (x0, x1, . . . , xk−1), for

k = 1, . . . , n within a region of interest. This idea derives from the cluster selection via

the K-means ++ method (Arthur and Vassilvitskii (2007)). A first location (x0) is sam-

pled based in an unconditional prior with probability p(x0) = 1
n

and the other locations

are sequentially sampled based on a conditional prior over the already sampled locations,

that is, p(xk | x̃k), for k = 1, . . . , n. The prior via distances is given by

p(sy) = p(x0)p(x1 | x̃1)p(x2 | x̃2) . . . p(xk | x̃k), (3.3)

where nT is the training sample size and x0 is the starting point and selected with
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probability p(x0) = 1
n
. We select the locations xk with probability given by

p(xk | x̃k) =
k∏

j=1

{
min {|xj − x0|, . . . , |xj − xk−1|}∑

xj∈x̃k min {|xj − x0|, . . . , |xj − xk−1|}

}
, (3.4)

as in the case of the K-means ++ method. This prior assumes different probabilities for

the sample selection locations and could be potentially useful in irregular spatial regions

as often seen in data applications.

After the choice of a specific split vector sy, let yT [sy ] and yV [sy ] be defined as the

observed training and validation cases, with length nT and nV respectively fixed. Note

that T [sy] and V [sy] represent the index set such that sy = 0 and sy = 1, respectively.

Given the split sy, p(θ | sy,y) is defined as the posterior distribution of θ given the

training data only, yT [sy ]. Thus, using Bayes theorem:

p(θ | yT [sy ]) ∝ f(yT [sy ] | θ)π(θ), (3.5)

where for each pair (sy,y) there is a single vector yT [sy ] associated.

Notice that yrep is simply distributed according to the sampling model assumed for the

data, i.e., [yrep | θ, sy,y]. Thus, under the reference distribution, this is [yV [sy ] | yT [sy ], θ],

which represents the predictive distribution of the validation given the training data, for

a specific split vector sy.

3.2 Expected discrepancy estimation

The cross-validation assessments are based on the expected discrepancy to be com-

puted under a reference distribution. It requires the distribution of the replicated re-

sponse vector yrep. In particular, we are interested in computing expectations, generically

denoted by

Ψ = E {r(sy,y, θ,yrep)} . (3.6)

The expected value in (3.6) represents a statistical measure for comparing Bayesian

models and r represents a discrepancy function. The expected value can be calculated

as,
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Ψ =

∫

Θ

∫

Y

∑

S

r(sy,y, θ,y
rep)p(yT [sy ], θ,y

rep)dθdyrep

=

∫

Θ

∫

Y

∑

S

r(sy,y, θ,y
rep)p(yrep, θ | yT [sy ])p(sy)dθdy

rep

=
∑

S

p(sy)

∫

Θ

∫

Y

r(sy,y, θ,y
rep)p(yrep, θ | yT [sy ])dθdy

rep

=
∑

S

E
{
r(sy,y, θ,y

rep) | yT [sy ]

}
p(sy)

= E
{
E
[
r(sy,y, θ,y

rep) | yT [sy ]

]}
.

The Monte Carlo approximation to this expected discrepancy is given by

Ψ ≈ 1

I

I∑

i=1

E
{
r(sy,y, θ,y

rep) | yT [sy ]

}
, where sy = s(i)

y . (3.7)

The split vectors s
(1)
y , s

(2)
y . . . , s

(I)
y are simulated independently from p(sy) and I rep-

resents the number of splits. Algorithm 1 describes how to compute (3.7) by simulation

using Monte Carlo and MCMC simulations from the posterior distribution of model pa-

rameters. This estimation is based on obtaining one MCMC sample for each split. We

call this estimator the MC estimator and it is given by

Ψ̂mc =
1

I

I∑

i=1

1

J

J∑

j=1

r(s(i)
y ,y, θij, y

rep
ij ), (3.8)

where I and J represent the number of splits and size of the posterior sample, respectively.

The MC estimator is an unbiased estimator of expression (3.6).

Notice that (3.8) requires a MCMC sample for each validation set sampled from

p(sy). This if often very expensive. Next, we present some alternatives to (3.6), which

are computed from samples from the posterior p(θ | y) and p(yrep | θ). The number of

splits I and the size of the posterior sample for each split J must be specified.

Aiming to reducing the computational cost, we consider the importance sample esti-

mator (SIR), which requires only a handful of MCMC runs as an alternative estimate

of expression (3.6). The idea is to approximate the posterior density of a given training

sample by a distribution that is based heuristically on the same amount of data, but
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Algorithm 1: Monte Carlo (MC) estimator

1. Simulate independent split vectors s
(1)
y , s

(2)
y , . . . , s

(I)
y from p(sy);

2. for each sy = s
(i)
y do

use a MCMC run to draw a sample θi1, . . . , θiJ from p(θ | yT [sy ]);

end

3. for each (i, j) do

simulate yrepij from p(yrep | θ = θij,yT [sy ]);

end

which does not depend on the specific split sy. In particular, this distribution is used as

an importance function and is defined as

g(θ) ∝ f(y | θ)απ(θ), (3.9)

where f(y | θ) denotes the likelihood function for the complete data, π(θ) is the prior

distribution and α = nT/n with nT fixed. Alqallaf and Gustafson (2001) claim that

raising the whole-data likelihood to the power α has the effect of flattening the posterior,

to a degree commensurate with conditioning only on a fraction α of the data. Sampling

importance resampling is considered to obtain a sample from the desired posterior dis-

tribution from the approximation in (3.9). The Algorithm 2 describes how to compute

the SIR estimator.

Algorithm 2: Sampling Importance Resampling (SIR) estimator

1. Simulate independent split vectors s
(1)
y , s

(2)
y , . . . , s

(I)
y from p(sy);

2. Let θh1, . . . , θhJ be the hth of H independent MCMC samples simulated from

g(θ) ;

3. Draw yrephj from p(yrep | θ = θhj,y), for h = 1, . . . , H and j = 1, . . . , J ;

4. Each of these H samples yields an importance sampling estimate of

E[r(sy,y, θ,y
rep) | yT [sy ]], where sy = s

(i)
y ;

The SIR estimator is defined as the average of importance sampling estimate of

E[r(sy,y, θ,y
rep) | yT [sy ]], where sy = s

(i)
y across the I independent splits and the H
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independent samples from g(θ),

Ψ̂sir =
1

H

H∑

h=1

1

I

I∑

i=1

∑J
j=1 r(s

(i)
y ,y, θhj, y

rep
hj )whj∑J

j=1whj
, (3.10)

where each weight term whj = p(θhj | yT [sy ])/g(θhj) has simple form1

log(whj) = logf(yT [sy ] | θhj)− α logf(y | θhj).

The number of splits I, the size of the posterior sample for each split J and the H

independent MCMC samples must be specified.

Note that if the simulation standard error is not required, then in fact this estimator

can be based on a single MCMC run, i.e., H = 1, otherwise H > 1 and it is expected to

be quite small. Appendix C shows how to determine a standard error for Ψ̂mc and Ψ̂sir

estimators.

So far we have considered an uniform prior for the validation sets which corresponds

to assuming a homogeneous point process for the locations and a conditional prior based

in distances between locations. In the next section, we propose an uniform prior in

sub-regions to take into account spatial heterogeneity and to accommodate possible pref-

erential sampling in the locations.

3.3 Accounting for heterogeneity in the spatial do-

main

As follows we consider stratified sampling to obtain training and validation sets. In

stratified sampling, the region of n locations is first divided into sub-regions which are

called strata of size n1, n2, . . . , nK , respectively. These sub-regions are non-overlapping,

and together they comprise the whole region, so that, n = n1 + n2 + . . . + nK . In each

stratum, the full training data size nT , is nT1 + nT2 + . . . + nTK and the full validation

data size nV is nV 1 +nV 2 + . . .+nV K . If a simple random sample is taken in each stratum,

the whole procedure is described as stratified random sampling.

1The weights are obtained in Appendix C.1.
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Let k denote the stratum and T, V respectively denote the training and validation

samples. The following symbols in Table 3.1 refer to stratum k.

Table 3.1: Stratified sampling notation.

Notation

n: total number of sample spatial points in the study region

nk: total number of spatial points in stratum k

nTk : number of spatial points of training data in stratum k

nVk : number of spatial points of validation data in stratum k

wk =
nVk

nV
: stratum weight

fV = nV

n
: sampling fraction, i.e., the ratio of

validation sample size to the total sample size.

fTk =
nTk

nk
: training sampling fraction in the kth stratum

fVk =
nVk

nk
: validation sampling fraction in the kth stratum

Stratification might produce a gain in precision in the estimates of characteristics

of the whole region, if the variability inside each stratum is small and the variability

between strata is large (Cochran (1999)). It may be possible to divide a heterogeneous

region into sub-regions, where each is internally homogeneous in the context of spatial

cross-validation.

The following steps should be carried out to perform cross-validation using a stratified

sampling scheme :

1. Stratify the study region into k strata, where n = n1 + . . .+ nK , k = 1, 2, . . . , K.

2. In each stratum k, sampling via simple random sampling, to obtain the split vectors

s
(i,k)
y , where k = 1, . . . , K represents the stratum and i = 1, 2, . . . , Ik the sizes of

the split vectors generated in each stratum k.

For simplicity we have chosen the sizes of the split vectors Ik to be the same in all

strata, Ik, k = 1, 2, . . . , K. Note that the sizes of split vectors Ik do not need to be the

same.

27



The generation of vector splits in each stratum s
(1,k)
y , . . . , s

(Ik,k)
y is simulated jointly

from p(sy). Thus, we define the vector s
(i)
y as the i-th split vector considering all strata.

s(i)
y =

(
s(i,1)
y , s(i,2)

y , . . . , s(i,K)
y

)
1×n , i = 1, . . . , I.

Notice that,

s(i,k)
y = (s

(i,k)
1 , s

(i,k)
2 , . . . , s(i,k)

nk
)1×nk

.

The proposed stratification changes the sampling of spatial locations for validation

and training sets, however, the sampling model is conditional on sy and does not change

with our proposal. Thus, the likelihood function is not affected. The vector of all

observations can be written as

y = (y11, . . . , y1n1 , . . . , yki, . . . , yKnK
)1×n.

The split vectors are jointly generated. In particular, the splits sy are not uniformly

distributed over the entire spatial domain. The proposed prior considers the stratification

design and is given by

p(sy) =

(
n1

nT1

)−1(
n2

nT2

)−1

. . .

(
nK
nTK

)−1

if

nk∑

j=1

s
(·,k)
j = nTk ,

where each term of the product is the probability of choosing a sample of size nTk in

each stratum k. Our cross-validation assessments are based on the expectation under

a reference distribution of (sy,y, θ,y
rep) as defined in (3.1). We compute expectations

with respect to the reference distribution for each stratum, denoted generically as

Ψk = E {rk(sy,y, θ,yrep)} , k = 1, . . . , K, (3.11)

where the expression (3.11) represents the expectation with respect to the reference

distribution in each stratum k. The same discrepancy measures has can be used in this

context.

3.3.1 Stratified Estimators

To compute the stratified estimators, we jointly simulate the split vector s
(1)
y , . . . , s

(I)
y

from p(sy) as defined in (3.11). Following the same steps as in Section 3.2, the stratified

MC estimator can be obtained as
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Ψ̂st
mc =

K∑

k=1

wk

{
1

Ik

Ik∑

i=1

1

J

J∑

j=1

rk(s
(i)
y ,y, θij, y

rep
ij )

}

=
K∑

k=1

wkΨ̂mck

=
K∑

k=1

Ψ̂st
mck

, (3.12)

and the stratified SIR estimator as,

Ψ̂st
sir =

K∑

k=1

wk

{
1

H

H∑

h=1

1

Ik

Ik∑

i=1

Ψ
(k)
hi

}
=

K∑

k=1

wkΨ̂sirk

=
K∑

k=1

Ψ̂st
sirk

, (3.13)

where,

Ψ
(k)
hi =

∑J
j=1 rk(s

(i)
y ,y, θhj, y

rep
hj )w∗hj∑J

j=1w
∗
hj

, k = 1, . . . , K,

and wk =
nVk

nV
is the stratified weight, calculated a proportional allocation of the sam-

ple nVk . Each weight term of the stratified SIR estimator is given by w∗hj = p(θhj |
yT [sy ])/g(θhj). See more details for computing the weights in Appendix C.2.

3.4 The choice of discrepancy functions

One way to evaluate a spatial model is through the accuracy of its predictions. In

particular, we are interested in using the predictions to measure the performance of a

model and to compare several models.

It is very common to use the sum of squared prediction errors as a measure of dis-

crepancy, because it is a form of cross-validation that provides a measure of model fit for

those observations left out of the estimation procedure. Alqallaf and Gustafson (2001)
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and Thall et al. (1997) adopt this measure for fitting a univariate dataset. As follows

some discrepancy measures are presented.

Mean squared prediction errors This measure can be written as

r(sy,y, θ,y
rep) =

1

nV
|| (yrepV [sy ] − yV [sy ]) ||2 . (3.14)

Gelman et al. (2014) explain that equation (3.14) has the advantage of being easy

to compute and to interpret, but the disadvantage of being less appropriate for models

that are far from the normal distribution. In addition, this measure does not take into

account the correlation between observations.

Mahalanobis Distance This measure takes into account the covariance matrix of the

common distribution of the two random vectors (Mahalanobis (1936)).

r(sy,y, θ,y
rep) =

√
(yrepV [sy ] − yV [sy ])

′Σ−1(yrepV [sy ] − yV [sy ]), (3.15)

where Σ = τ 2Iτ + σ2R is predictive covariance matrix of the regions formed by the

locations that belong to both vectors. Therefore, using the Mahalanobis distance, we

can compare de validation data sample, taking into account the spatial dependence.

Extreme values for the Mahalanobis distance indicate a conflict between the validation

data and predictive data. Bastos and O’Hagan (2008) adopt this measure to validate

and assess the adequacy of a Gaussian processes emulator.

We adopt measures of predictive accuracy for probabilistic forecasts known as scoring

rules. A review of the most common scoring rules and properties are presented by Gneit-

ing and Raftery (2007). In this direction, Gelman et al. (2014) presents different ways of

defining the accuracy or error of model’s predictions, and show methods for estimating

predictive accuracy or error from data. Vehtari et al. (2017) consider these measures in

the context of leave-one-out cross-validation (LOO-CV).

Interval Score Interval forecasts form a crucial special case of quantile prediction (Gneit-

ing and Raftery (2007)). This measure compares the predictive credibility interval with

the true value one, and consider the uncertainty in the predictions such that the model is
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penalized if an interval is too narrow and misses the true value (validation observation).

The Interval Score is given by

r(sy,y, θ,y
rep) = (u− l) +

2

γ
(l − yV [sy ])I[yV [sy ]<l] +

2

γ
(yV [sy ] − u)I[yV [sy ]>u], (3.16)

where l and u represent for the forecaster quoted γ
2

and 1 − γ
2

quantiles and yV [sy ] the

sample validation vector. A natural choice for γ is 0.05 resulting in a range of 95% of

credibility. Note that for each element of yV [sy ] we have one interval score measure. The

global measure is obtained taking the average of the interval scores for all validation cases.

Log Predictive Score This measure evaluates the accuracy of the density forecasts using

predictive log-scores. It is based on the predictive distribution q and on the observed

yV [sy ],

r(sy,y, θ,y
rep) = − log

[
q(yV [sy ])

]
. (3.17)

Note that under the Gaussian model assumption this measure is similar to the Ma-

halanobis distance in (3.15).

3.5 Simulated Study

To illustrate the usefulness of our cross-validation proposal we consider homogeneous

and inhomogeneous processes under geostatistical modelling. We simulated data for

different scenarios, considering different configurations for the location sampling. For

each scenario, we first simulated an approximate realization of a stationary Gaussian

process on the unit square, treating the spatially continuous process S(·) as constant

within each lattice cell. After that, we simulated non-preferentially or preferentially

scenarios according to each of the sampling designs presented in Figure 3.1 (complete

spatial randomness and inhomogeneous process). The data were generated from equation

(2.1) with:

(i) S is stationary Gaussian process with mean 0, variance σ2 and correlation function

ρ(u, φ) = Corr(S(x), S(x′)) for any x and x′ from a distance u apart.
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(ii) X | S is an inhomogeneous Poisson process with log-linear intensity function

λ(x) = exp {α + βS(x)} . (3.18)

(iii) Y | S,X is a set of mutually independent Gaussian variates with

Yi ∼ N(µ+ S(xi), τ
2).

Note that if β = 0, the sampling is done completely at random, i.e., we have a homoge-

neous Poisson process. The simulated surface in (i) is given by a Gaussian process with

the following parameters: µ = 4, σ2 = 1.5, φ = 0.15, κ = 0.5 and τ 2 = 0.25. We adopted

the exponential correlation function in all scenarios.

Scenario 1 – CSR (Complete spatial randomness), we account for the case representing

the situation where the β parameter leads to constant intensity function λ(x).

Therefore, the point pattern does not rely on S and because λ is constant, we have

a completely random point pattern. A dataset was simulated with sample size

equal to n = 82 and intensity parameters β = 0, α = 4.605. This is presented in

Figure 3.1 (a).

Scenario 2 – CSR with outliers, we study the same surface of Figure 3.1 (a) with

observations contaminated by summing a random increment uσ, such that σ is

the observational standard deviation and u ∼ U(6, 8) for observations 10, 48, 50

and 82. The contaminated locations considered are neighbours in space. This is

presented in Figure 3.1 (b).

Scenario 3 – Preferential Sampling, we choose the configuration with highest concen-

tration of points in a given region. The spatial locations are simulated from the

non-homogeneous process (Section 2.2.5). This process represents the inhomoge-

neous Poisson process, with intensity λ(x), α = 2.996, β = 1.0 and n = 100. This

is presented in Figure 3.1 (c).
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(a) (b) (c)

Figure 3.1: Sample locations and underlying realizations of the signal process for the

model used in the simulation study: (a) CSR (complete spatial randomness) ; (b) CSR

with outliers; (c) preferential sampling.

For all sample designs presented above, we made a cross-validation comparison of the

three geostatistical models presented in section 2.1.1. Consider the observations y1, . . . , yn

at locations x1, . . . , xn. The models compared in the context of cross-validation are:

(M1) Gaussian model:

y | µ, σ2, φ ∼ N
(
1µ, τ 2In + σ2R

)

(M2) Student-t model:

y | µ, σ2, φ, ν ∼ ST
(
1µ, ν, τ 2In + σ2R

)

(M3) Gaussian-Log-Gaussian model:

y | µ, σ2, φ,∆ ∼ N
(
1µ, τ 2In + σ2(∆−1/2R∆−1/2)

)

Parameter estimation and prediction follow the Bayesian paradigm as presented in sub-

section 2.1.1 using the three proposed distributions for sy. The chains for the simu-

lated parameters have burn-in of 10000 and lag of 10 with resulting posterior sample

size of 6981. Convergence was checked using coda package (Plummer et al. (2006)).

The prior distributions used for all models were µ ∼ N(0; 104), σ−2 ∼ G(0.1; 0.1),

φ ∼ G(1; 2.3/med(u)). For M2 ν has a Jeffreys prior distribution as proposed in Fonseca

et al. (2008). For M3 υ ∼ GIG(0; 0.75; 6) and δ | φ, υ ∼ LG(−υ
2
; υσ2R).
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For the CSR and CSR with outlier scenarios, we arbitrarily choose nT = 77, nV = 5.

The sampling process in space was done randomly without considering the correlation

between spatial locations, that is, p(sy) is assumed to be a uniform distribution. Besides

that, we take into account the sampling process in space considering the distances between

locations, that is, p(sy), the prior via distances. The parameter ν is fixed at 3 for M2 in

the CSR scenario. MC and SIR estimators are based on averaging over the same I = 100

splits. We sampled from the posterior of the model parameters using Metropolis-Hastings

with random walk proposals, which led to reasonable acceptance rates in the vicinity of

30% to 50% for each parameter. In this case, we fixed the nugget effect τ 2 at 0.25.

For the preferential scenario, we considered nT = 95 and nV = 5. The training

and validation sampling process in space were done randomly without considering the

correlation between spatial locations considering uniform prior and prior via distances.

We obtained posterior samples of this model parameters via the Metropolis-Hastings with

random walk proposals, which led to reasonable acceptance rates in the vicinity of 30%

to 55% for each parameter. In this case, it is adopted the nugget effect τ 2 equal to 0.25.

As can be seen in Table 3.2, the execution time (minutes) for the SIR estimator

using H = 5 is shorter than that for the MC estimator, considering the uniform prior.

Analogously, we verified the computational time considering a prior via distances. The

time was similar to the previous case and we omitted from the text. The computational

cost is approximately: 5 to 6 times lower for the Gaussian model, 5 to 8 times smaller for

the Student-t model and 6 to 10 times smaller for the GLG model when using the SIR

estimator. The high computational cost is due to the need to calculate the covariance

matrix for each split vector sampled using a machine Intel Core i5 4440 CPU 3.10GHz

3.00GHz 8GB RAM memory - System 64 bits - Windows 7.
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Table 3.2: Computational Time (minutes)

M1 M2 M3

MC SIR MC SIR MC SIR

CSR 672 139 926.4 140 2028 210

CSR with outlier 672 120 828 183 1212 208.8

Preferential 967.2 163 1423.2 187 2481.6 298.8

Tables 3.3 and 3.4 present the discrepancy measures based on the MC and SIR estima-

tors with their respective standard errors adopting the uniform prior in space and prior

via distances, respectively. The prior distribution via distances has similar conclusions

in the choice of model when compared the uniform prior. The same scenarios are taken

into account. We use Mahalanobis Distance (MH), average Interval Score (IS) and Log

Predictive Score (LPS) for predictive performance evaludation. From the three scenarios

we conclude, as expected, that the SIR estimator variability is greater than that of the

MC estimator, this is due to the fact that SIR estimator is a heuristic approximation

based on the same amount of data. However, the point estimator obtained by SIR is a

good approximation of the original estimator.

Tables 3.3 and 3.4 present predictive measure estimates for the complete random

scenario (CSR) and indicates that M3 has similar performance as that of M1 although

still correctly choosing the Gaussian model as the best model. In particular, when υ → 0,

we retrieve Normal tails. M2 has much worse performance considering heavy tails, ν = 3.

Although the Student-t process has heavier tails than the Gaussian, it does not have

the flexibility to model georeferenced data. The Student-t process inflates the variance

of the whole process in the presence of outliers and does not allow for both individual or

regional outlier detection and different kurtosis behaviours across space (see Lobo and

Fonseca (2016) for a more detailed discussion).

Tables 3.3 and 3.4 (CSR with outlier) indicate that the M3 is the best choice for this

scenario for uniform prior and prior via distances, respectively. This is due to the fact

that this model tends to detect sub-regions with larger variability. On the other hand
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M1 and M2 overestimate the variance in the whole spatial domain.

Tables 3.3 and 3.4 (Preferential Sampling) indicate similar results for M1 and M3

models for all adopted measures considering uniform prior and prior via distances. We

emphasize that although our dataset is under effect of preferential sampling, we set usual

geostatistical models that does not take this effect into account.
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Table 3.3: Cross-validation for M1, M2 and M3 models in each scenario with uniform

prior. The same splits are considered for all models.

CSR

MH average IS LPS

M1 MC 3.095 (1.3× 10−7) 4.449 (6.5× 10−9) 7.290 (2.7× 10−6)

SIR 3.087 (6.0× 10−4) 4.638 (0.018) 7.196 (0.003)

M2 MC 4.806 (8.5× 10−6) 6.463 (3.8× 10−10) 8.646 (2.3× 10−6)

SIR 4.735 (0.003) 6.377 (0.001) 8.270 (0.003)

M3 MC 3.631 (4.4× 10−6) 4.727 (7.6× 10−8) 8.584 (3.7× 10−5)

SIR 3.537 (1.5× 10−4) 4.773 (0.015) 7.921 (0.001)

CSR with Outlier

MH average IS LPS

M1 MC 2.821 (1.4× 10−6) 7.432 (1.1× 10−7) 14.139 (4.7× 10−5)

SIR 3.006 (0.002) 7.005 (1.1× 10−5) 14.660 (0.011)

M2 MC 4.842 (1.4× 10−6) 8.462 (1.5× 10−7) 18.688 (3.5× 10−6)

SIR 4.512 (0.002) 9.300 (0.005) 18.681 (0.006)

M3 MC 2.117 (1.5× 10−5) 5.650 (1.9× 10−7) 8.621 (7.4× 10−4)

SIR 2.612 (0.028) 5.634 (0.037) 8.228 (0.002)

Preferential Sampling

MH average IS LPS

M1 MC 3.164 (1.6× 10−6) 5.242 (7.9× 10−8) 7.202 (7.3× 10−6)

SIR 3.090 (0.001) 5.026 (0.020) 7.202 (0.009)

M2 MC 4.102 (1.3× 10−6) 7.001 (5.2× 10−5) 8.251 (2.9× 10−6)

SIR 3.784 (0.006) 7.028 (0.001) 8.105 (0.008)

M3 MC 3.689 (4.3× 10−6) 5.479 (2.6× 10−7) 7.216 (3.9× 10−5)

SIR 2.900 (0.001) 4.994 (0.054) 6.690 (0.004)
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Table 3.4: Cross-validation for M1, M2 and M3 models in each scenario with prior via

distances. The same splits are considered for all models.

CSR

MH average IS LPS

M1 MC 3.113 (1.3× 10−6) 4.422 (1.2× 10−9) 7.352 (2.5× 10−6)

SIR 3.057 (7.1× 10−4) 4.191 (0.003) 7.420 (0.003)

M2 MC 4.030 (8.7× 10−6) 6.468 (5.4× 10−10) 7.917 (2.5× 10−6)

SIR 3.828 (0.003) 6.491 (0.001) 7.958 (0.003)

M3 MC 3.477 (3.4× 10−6) 4.763 (7.2× 10−8) 6.907 (1.5× 10−11)

SIR 3.394 (7.5× 10−4) 4.990 (0.049) 7.551 (0.007)

CSR with Outlier

MH average IS LPS

M1 MC 2.760 (1.3× 10−6) 7.158 (7.2× 10−8) 14.503 (4.1× 10−6)

SIR 2.829 (0.002) 7.114 (0.001) 14.536 (0.009)

M2 MC 4.499 (8.7× 10−6) 11.352 (3.0× 10−9) 18.795 (3.2× 10−6)

SIR 4.505 (0.001) 9.933 (0.004) 18.489 (0.005)

M3 MC 2.795 (4.1× 10−6) 4.966 (2.5× 10−8) 9.409 (9.9× 10−5)

SIR 2.062 (6.8× 10−4) 4.699 (0.036) 7.751 (0.007)

Preferential Sampling

MH average IS LPS

M1 MC 3.154 (1.7× 10−6) 5.691 (9.4× 10−8) 7.441 (6.8× 10−5)

SIR 3.116 (3.9× 10−4) 5.470 (1.2× 10−5) 7.520 (1.2× 10−5)

M2 MC 3.039 (1.3× 10−6) 6.781 (7.1× 10−8) 8.380 (3.4× 10−6)

SIR 3.762 (0.006) 6.241 (0.001) 8.160 (0.007)

M3 MC 4.052 (4.9× 10−6) 5.498 (6.4× 10−7) 7.573 (5.9× 10−5)

SIR 3.957 (0.002) 5.558 (0.037) 7.422 (0.036)
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3.5.1 Analysing heterogeneity in the spatial domain

In stratified sampling we have to sample in all strata of the spatial region A. This

condition does not occur in random sampling. Stratification is carried out in order to

result in a better coverage of the spatial domain. Consider the same data presented in

section 3.5. We stratified the unit square into four strata for all scenarios. We do not

apply any method to estimate the strata. Each stratum was chosen after observing the

sample locations. Figure 3.2 presents the stratification of the study region in A.

(a) (b) (c)

Figure 3.2: Sample locations and underlying realizations of the signal process for the

model used in the simulation study: (a) CSR ; (b) CSR with outliers; (c) preferential

sampling. Strata are divided as: stratum 1 (bottom left), stratum 2 (top left), stratum

3 (bottom right) and stratum 4 (top right).

Table 3.5 shows the stratification and selection of training and validation data for the

respective strata via the sampling process for all scenarios. In this study, we consider

the number of locations sampled for validation is proportional to the number of locations

in each stratum. Notice that in scenario CRS we have a homogeneous process thus, we

expected the number of events to be similar in each stratum, as shown in Table 3.5 (a).

The choice of Ik is arbitrary for each stratum.

The execution time (minutes) for the SIR estimator using H = 5 is shorter than of the

MC estimator, which can be seen in Table 3.6. The computational cost for SIR estimator

is approximately: 4 to 6 times lower than MC estimator for the Gaussian model, 4 times

smaller than MC estimator for the Student-t model and 6 to 8 times smaller than MC
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estimator for the GLG model.

Table 3.5: Stratified sample for all scenarios.

CSR / Outlier

strata nk nTk nV k wk

1 21 19 2 0.250

2 17 15 2 0.250

3 24 22 2 0.250

4 20 18 2 0.250

total 82 74 8 1

Preferential

strata nk nTk nV k wk

1 47 42 5 0.500

2 20 18 2 0.200

3 13 12 1 0.100

4 20 18 2 0.200

total 100 90 10 1

Table 3.6: Computational Time (minutes)

M1 M2 M3

MC SIR MC SIR MC SIR

CSR 880.2 205.2 861.6 196.8 1533 208

CSR with outlier 808.8 183 928.8 231 1823.22 282.6

Preferential 1195.2 207.6 1101.6 248.4 2259.6 286.80

Thus, in this study stratification reduces the variability of discrepancy estimates

present the results Tables 3.7, 3.8 and 3.9 for all scenarios and discrepancy measures.

The hypothesis of complete spatial randomness establishes that the number of events per

unit area is a constant, λ, over all the region considered. In the homogeneous case, we

have approximately the same estimates in each stratum. Regarding the performance of

the stratified estimator, their variability is smaller, mainly for the SIR estimator.

The use of Mahalanobis distance, average Interval Sscore and Log Predictive Score

discrepancies leads to adequate model discrimination by indicating the Gaussian model as

the best model in scenario CRS. This is an expected result, since the data are generated

by the Gaussian model.
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Clearly there is an increase in the accuracy of the estimator by stratifying the spatial

region. Furthermore, the stratification allows the identification of lack of fit for all models

in region 3 for the scenario with outliers. All models have much larger values of the

discrepancy function for stratum 3 (bottom right in Figure 3.2 (b)), which contains the

contaminated observations, as presented in Tables 3.8 (CSR with outlier) using different

discrepancy measures . Note, however the reduction of the variability of estimator. The

performance of the models is similar except for M3. In this case, the GLG model has

better performance, indicating that dividing the region in sub-regions provides a better

predictive performance assessment of this model in all sub-regions.

The M3 again stands out because of its ability to capture heterogeneity in space.

This is an appealing feature in the non-homogeneous setup, because strata with a high

concentration of events might present larger variability.

Table 3.9 presents the preferential sampling scenario. The perfomance of M1, M2 and

M3 are similar. Stratified estimator shows the poor predictive performance in region 1 in

for all models. In fact this was expected as the fitted models do not consider preferential

sampling in its specification.
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Table 3.7: Stratified cross-validation for M1, M2 and M3 models in complete spatial randomness (CSR) scenario. The same

splits are considered for all models.

M1 M2 M3

strata MC SIR MC SIR MC SIR

MH 1 1.81 (8.0× 10−4) 1.82 (1.1× 10−4) 3.43 (4.6× 10−6) 3.32 (1.1× 10−3) 2.05 (1.8× 10−6) 2.08 (1.5× 10−4)

2 1.78 (1.2× 10−6) 1.79 (1.5× 10−4) 3.89 (5.0× 10−6) 3.26 (1.5× 10−4) 2.09 (1.9× 10−6) 2.04 (4.2× 10−4)

3 1.73 (1.1× 10−6) 1.69 (5.8× 10−5) 3.34 (4.6× 10−6) 3.33 (1.3× 10−4) 1.92 (1.6× 10−6) 1.96 (4.0× 10−4)

4 1.66 (1.2× 10−6) 1.67 (9.9× 10−5) 3.27 (4.8× 10−6) 3.16 (2.5× 10−4) 1.85 (1.7× 10−6) 1.91 (5.4× 10−4)

Ψ̂st 1.74 (3.0× 10−7) 1.74 (2.7× 10−5) 3.36 (1.2× 10−6) 3.26 (9.9× 10−5) 1.98 (4.5× 10−7) 1.99 (1.3× 10−4)

average IS 1 4.72 (1.9× 10−9) 4.94 (2.6× 10−4) 6.71 (2.0× 10−10) 7.83 (1.3× 10−4) 4.25 (1.0× 10−10) 4.63 (4.5× 10−5)

2 4.56 (1.8× 10−9) 4.48 (1.2× 10−2) 6.59 (2.0× 10−10) 7.92 (8.5× 10−5) 5.79 (2.7× 10−8) 6.28 (0.018)

3 4.04 (1.2× 10−10) 4.76 (5.0× 10−3) 6.49 (4.0× 10−10) 7.65 (1.1× 10−4) 4.34 (5.0× 10−10) 4.57 (4.3× 10−5)

4 4.27 (1.7× 10−9) 5.09 (2.2× 10−3) 6.21 (3.0× 10−10) 7.29 (3.9× 10−4) 5.37 (6.7× 10−9) 5.57 (0.006)

Ψ̂st 4.39 (3.4× 10−10) 4.82 (0.001) 6.49 (6.7× 10−11) 7.67 (4.5× 10−5) 4.94 (2.2× 10−9) 5.26 (0.001)

LPS 1 3.27 (1.4× 10−6) 3.44 (3.0× 10−4) 4.49 (1.4× 10−6) 4.61 (0.003) 3.34 (1.5× 10−6) 3.43 (2.0× 10−4)

2 2.89 (9.7× 10−7) 3.39 (4.0× 10−4) 4.14 (1.2× 10−6) 4.57 (0.005) 3.46 (2.4× 10−6) 3.38 (1.0× 10−4)

3 2.59 (6.0× 10−7) 3.33 (4.0× 10−4) 3.88 (1.1× 10−6) 4.37 (0.004) 3.06 (1.4× 10−6) 3.21 (1.0× 10−4)

4 2.82 (1.4× 10−6) 3.17 (5.0× 10−4) 4.01 (1.7× 10−6) 4.23 (0.008) 2.97 (2.4× 10−6) 3.21 (2.0× 10−4)

Ψ̂st 2.89 (2.7× 10−7) 3.33 (9.6× 10−5) 4.14 (3.4× 10−7) 4.45 (0.001) 3.21 (4.7× 10−7) 3.31 (0.001)
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Table 3.8: Stratified cross-validation for M1, M2 and M3 models in complete spatial randomness (CSR) with outlier scenario.

The same splits are considered for all models.

M1 M2 M3

strata MC SIR MC SIR MC SIR

MH 1 2.41 (3.9× 10−6) 2.14 (4.2× 10−4) 3.92 (9.8× 10−6) 3.67 (1.2× 10−3) 1.98 (3.9× 10−6) 1.52 (1.9× 10−4)

2 2.43 (4.1× 10−6) 2.48 (5.5× 10−4) 4.03 (1.0× 10−5) 4.16 (1.8× 10−3) 1.20 (4.1× 10−6) 1.55 (2.3× 10−4)

3 3.42 (6.8× 10−6) 5.29 (1.0× 10−2) 6.15 (2.2× 10−5) 5.91 (4.3× 10−3) 2.67 (6.8× 10−6) 2.68 (9.8× 10−4)

4 2.33 (3.7× 10−6) 1.97 (4.2× 10−4) 3.83 (9.8× 10−6) 3.74 (1.3× 10−3) 1.83 (3.7× 10−6) 1.47 (2.2× 10−4)

Ψ̂st 2.64 (1.7× 10−6) 2.97 (7.5× 10−4) 4.48 (3.2× 10−6) 4.38 (5.4× 10−4) 1.92 (1.8× 10−5) 1.81 (1.0× 10−4)

average IS 1 4.12 (1.7× 10−10) 4.49 (3.7× 10−4) 8.08 (3.0× 10−10) 8.85 (1.9× 10−4) 2.658 (3.6× 10−10) 2.012 (2.1× 10−4)

2 4.01 (2.5× 10−10) 4.64 (3.7× 10−4) 8.17 (4.0× 10−10) 9.98 (1.7× 10−4) 2.29 (3.1× 10−10) 2.17 (2.1× 10−4)

3 6.51 (2.8× 10−7) 7.73 (0.009) 13.92 (2.6× 10−9) 14.43 (0.026) 5.62 (2.6× 10−10) 6.45 (0.003)

4 3.44 (4.0× 10−10) 4.87 (2.2× 10−4) 6.86 (5.0× 10−10) 8.08 (7.5× 10−4) 3.66 (3.6× 10−10) 2.82 (1.0× 10−4)

Ψ̂st 4.52 (1.7× 10−8) 5.43 (6.5× 10−4) 9.26 (2.4× 10−10) 10.34 (0.001) 3.56 (1.3× 10−6) 3.36 (2.2× 10−4)

LPS 1 3.35 (2.5× 10−5) 3.46 (1.0× 10−4) 3.36 (7.8× 10−7) 3.46 (0.085) 2.42 (1.5× 10−5) 3.46 (1.0× 10−4)

2 3.26 (2.6× 10−5) 3.72 (1.0× 10−4) 3.28 (6.6× 10−7) 3.78 (0.099) 1.92 (1.9× 10−5) 2.64 (2.0× 10−4)

3 4.64 (8.4× 10−5) 5.98 (0.015) 4.34 (1.4× 10−6) 5.72 (0.530) 3.92 (8.8× 10−4) 4.27 (0.058)

4 3.08 (2.1× 10−5) 3.36 (1.0× 10−4) 3.06 (8.0× 10−7) 3.28 (0.084) 3.15 (1.4× 10−5) 3.33 (1.0× 10−4)

Ψ̂st 3.58 (7.7× 10−7) 4.13 (9.5× 10−4) 3.51 (2.3× 10−7) 4.06 (0.050) 2.85 (9.3× 10−4) 3.42 (0.003)
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Table 3.9: Stratified cross-validation for M1, M2 and M3 models in preferential sampling scenario. The same splits are considered

for all models.

M1 M2 M3

strata MC SIR MC SIR MC SIR

MH 1 3.57 (1.7× 10−6) 3.63 (1.0× 10−4) 4.93 (9.1× 10−6) 4.98 (5.9× 10−4) 3.38 (1.5× 10−6) 3.16 (6.6× 10−4)

2 1.56 (9.9× 10−6) 1.58 (3.9× 10−4) 2.22 (4.6× 10−6) 2.08 (3.4× 10−4) 1.68 (1.2× 10−6) 1.84 (4.2× 10−4)

3 0.97 (7.7× 10−7) 0.95 (1.7× 10−4) 1.37 (2.9× 10−6) 1.34 (5.9× 10−4) 1.16 (1.0× 10−6) 1.15 (3.3× 10−4)

4 1.64 (1.0× 10−6) 1.65 (3.7× 10−4) 2.33 (4.6× 10−6) 2.25 (6.3× 10−4) 1.73 (1.2× 10−6) 1.95 (4.4× 10−4)

Ψ̂st 2.53 (2.8× 10−7) 2.56 (1.2× 10−4) 3.51 (1.3× 10−6) 3.49 (1.3× 10−4) 2.48 (5.0× 10−6) 2.46 (1.1× 10−4)

average IS 1 6.98 (1.9× 10−7) 6.50 (0.021) 6.89 (5.4× 10−9) 8.14 (0.002) 6.89 (1.7× 10−11) 6.72 (0.004)

2 4.27 (1.1× 10−9) 4.83 (0.009) 5.232 (1.0× 10−10) 6.83 (2.7× 10−4) 6.87 (8.5× 10−9) 7.37 (0.013)

3 4.35 (1.2× 10−10) 4.60 (0.000) 5.17 (1.0× 10−10) 5.85 (3.1× 10−4) 6.91 (1.3× 10−5) 6.08 (1.7× 10−4)

4 4.72 (2.6× 10−9) 4.32 (0.004) 5.74 (3.0× 10−10) 6.46 (4.3× 10−4) 6.87 (2.3× 10−11) 6.47 (5.8× 10−4)

Ψ̂st 5.73 (1.2× 10−8) 5.54 (0.002) 6.16 (2.3× 10−10) 7.32 (2.0× 10−4) 6.88 (7.9× 10−7) 6.74 (0.001)

LPS 1 8.17 (1.9× 10−5) 9.36 (0.005) 9.86 (1.0× 10−5) 9.07 (0.1366) 9.02 (8.2× 10−5) 9.55 (6.0× 10−4)

2 2.50 (1.0× 10−6) 3.23 (5.0× 10−4) 2.63 (1.5× 10−6) 3.25 (0.0650) 4.42 (8.8× 10−6) 3.41 ((1.0× 10−4)

3 1.20 (1.6× 10−7) 1.36 (1.0× 10−4) 1.21 (3.3× 10−7) 2.42 (0.034) 2.67 (2.3× 10−3) 1.77 (4.0× 10−5)

4 2.98 (1.6× 10−6) 2.95 (5.0× 10−4) 3.07 (1.5× 10−6) 3.10 (0.008) 4.71 (9.8× 10−6) 3.46 (1.1× 10−4)

Ψ̂st 5.30 (1.4× 10−6) 6.06 (4.0× 10−4) 6.18 8.3× 10−7) 6.04 (0.015) 5.21 (1.4× 10−4) 6.32 (5.5× 10−5)
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3.6 Application to a rainfall data

The dataset used in this application contains the total rainfall (in mm) recorded in

October 2010 in 31 locations in the city of Rio de Janeiro, Brazil, obtained from Instituto

Pereira Passos, known for offering one of the largest collections of maps and statistical

data of Rio de Janeiro available in Armazem de Dados. Stations with missing information

were removed from the study. Ferreira and Gamerman (2015) analyzed the same kind of

data for October 2005 in the context of optimal design using preferential sampling.

Figure 3.3 presents the spatial arrangement of rainfall stations in the city of Rio de

Janeiro. Note that the spatial arrangement of the monitoring stations seems to indicate

a higher concentration in places where precipitation levels are very large. It appears that

the point pattern associated with the stations has been observed from an inhomogeneous

process.

Figure 3.3: Rainfall data: stations installed in the city of Rio de Janeiro (the monitoring

stations are separated according to the intensity of rainfall).

For statistical inference purposes, the spatial mean was adjusted considering latitude

and longitude as covariates. For this analysis, the mixture models considered were the

Gaussian (M1) and Gaussian-Log-Gaussian (M3) models presented in Section 2.1.1. We

investigated the goodness of fit for rainfall spatial modelling via cross-validation.

We evaluated both models with exponential covariance structures for spatial depen-
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dence. Parameter estimation and prediction follow the Bayesian paradigm as presented

in subsection 2.1.1 using the three proposed distributions for sy. The chains for the simu-

lated parameters have burn-in of 10000 and lag of 10 with resulting posterior sample size

of 3981. Convergence was checked using coda package (Plummer et al. (2006)). The

prior distributions used for all models were (β0, β1, β2) ∼ N(0, 104Iβ), σ−2 ∼ G(0.1; 0.1),

φ ∼ G(1; 2.3/med(u)). For M3 υ ∼ GIG(0; 0.75; 6) and δ | φ, υ ∼ LG(−υ
2
; υσ2R). The

analysis of the posterior distribution of spatial mean shows significantly different esti-

mates for both models. The spatial mean for M3 is significantly lower than the spatial

mean estimated by M1. Actually, this makes sense since the process for the data is

inhomogeneous and model M3 compensates this heterogeneity by estimating different

variances across space.

An important issue in using cross-validation is the training dataset size. If we have an

acceptable amount of training data, the model is sufficiently informed by the training set.

First, we arbitrarily choose nT = 84%n and nV = 16%n, for the training and validation

samples, respectively. After that, we consider an extreme sampling setup with a small

training sample, nT = 32%n and nV = 68%n. It is expected that using a reduced training

sample size might cause some impact on the estimation of model parameters. For both

scenarios, arbitrary, we choice I = 500 split vectors and H = 3 independent MCMC

samples simulated from SIR estimator. The SIR estimator can produce estimates close

enough to the MC estimator.

Table 3.10 displays the performance of both models via the Mahalanobis distance,

average Interval Score and Log Predictive Score using uniform prior proposed by Alqallaf

and Gustafson (2001) for each scenario. As expected, the results of our analysis suggest

it is best to use a relatively large training sample for making cross-validation under our

approach. The estimates obtained for M3 are smaller than M1 for both estimators and

measures. This is due to the fact that the Gaussian-Log-Gaussian process proposed by

Palacios and Steel (2006) is able to capture heterogeneity in space through a mixing

process used to increase the Gaussian process variability, although it does not take into

account dependence between the monitoring stations arrangement and the total rainfall.

Table 3.11 shows the performance of both models using prior via distances. We obtained
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the same conclusions compared to uniform prior. There is a worse performance in both

models when we restrict a very small training sample size.

Table 3.10: Rainfall Data: cross-validation using discrepancy measures for M1 and M3

models using uniform prior. The same splits are considered for both models.

nV = 16%n MH average IS LPS

M1 MC 6.983 (1.9× 10−6) 246.732 (1.2× 10−4) 28.868 (0.024)

SIR 6.419 (0.0010) 232.934 (2.179) 27.941 (0.029)

M3 MC 4.552 (6.9× 10−6) 149.468 (1.6× 10−6) 26.765 (7.7× 10−6)

SIR 4.805 (0.0004) 131.533 (3.921) 25.463 (0.009)

nV = 68%n MH average IS LPS

M1 MC 15.257 (7.4× 10−6) 376.952 (8.3× 10−4) 161.751 (0.001)

SIR 14.699 (0.002) 355.724 (4.051) 131.105 (0.252)

M3 MC 7.829 (5.6× 10−7) 188.203 (4.6× 10−4) 114.341 (3.6× 10−6)

SIR 7.746 (0.003) 192.63 (0.968) 102.925 (0.04)
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Table 3.11: Rainfall Data: cross-validation using discrepancy measures for M1 and M3

models using prior via distances. The same splits are considered for both models.

nV = 16%n MH average IS LPS

M1 MC 5.382 (1.6× 10−6) 423.291 (2.4× 10−4) 33.032 (0.076)

SIR 6.419 (0.001) 469.677 (35.49) 29.787 (0.012)

M3 MC 4.552 (6.9× 10−6) 209.612 (1.3× 10−6) 26.765 (7.7× 10−6)

SIR 4.805 (0.0004) 189.610 (9.398) 27.564 (0.217)

nV = 68%n MH average IS LPS

M1 MC 14.784 (1.2× 10−5) 584.878 (0.002) 185.215 (0.082)

SIR 14.699 (0.002) 620.874 (38.152) 173.387 (0.131)

M3 MC 7.829 (5.6× 10−7) 238.587 (1.6× 10−4) 117.092 (0.118)

SIR 7.746 (0.003) 216.337 (0.610) 111.636 (0.065)

In addition, we take into account spatial heterogeneity using stratified cross-validation

techniques. The choice of strata was performed after observing the sample locations. We

divide the spatial region into two strata. Notice that in the first stratum, the monitoring

stations are closer together and there is a higher concentration of total rainfall data.

The other stratum is defined by the remainder of the locations, that is, more distant

locations with lower values of total precipitation. Figure 3.4 shows the strata. Table 3.12

presents the sample arrangement with nV = 13%n and nV = 32%n taking into account

the weights, w for each stratum, respectively. The results for stratified scenario can been

seen in Table 3.13.
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Figure 3.4: Rainfall data: stations installed in the city of Rio de Janeiro (the monitoring

stations are separated according to the intensity of rainfall) for stratified design. Stratum

1 is represented by the red triangle and Stratum 2 by the remainder of the locations.

Table 3.12: Stratified scenario: training and validation samples.

nV = 13%n

strata nT nV w

1 11 2 0.5

2 16 2 0.5

total 27 4 1.0

nV = 32%n

strata nT nV w

1 9 4 0.4

2 12 6 0.6

total 21 10 1.0

Observe that M1 produces high estimates in stratum 2 for both arrangements consid-

ering MH and LPS measures, as can be seem from Table 3.13. In fact, this might a result

of the number of neighbours that are far apart. It can be noted from Table 3.13 that

there is an increase in the accuracy of the SIR estimator by stratifying the spatial region

as compared with uniform prior and prior via distances. Furthermore, the stratification

allows the identification of lack of fit for both models in stratum 2 compared to stratum

1. Besides that, M3 apparently performs better for both choices of training sample in-

dicating better predictive performance considered in the two stratifications proposed in
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this application.

Table 3.13: Rainfall Data: stratified cross-validation using discrepancy measures for M1

and M3 models. The same splits are considered for both models.

M1 M3

nV = 13%n k MC SIR MC SIR

MH 1 2.822 (1.1× 10−6) 3.022 (2.8× 10−4) 2.047 (2.2× 10−6) 2.227 (1.7× 10−4)

2 2.520 (9.8× 10−7) 2.696 (2.3× 10−4) 1.979 (2.4× 10−6) 1.423 (3.1× 10−5)

Ψ̂st 2.671 (1.1× 10−6) 2.859 (3.2× 10−5) 2.013 (9.3× 10−6) 1.825 (0.281)

average IS 1 249.467 (4.4× 10−5) 239.758 (0.092) 246.215 (6.3× 10−5) 249.880 (0.878)

2 184.480 (3.6× 10−5) 203.910 (0.409) 136.270 (7.5× 10−6) 151.990 (3.099)

Ψ̂st 216.973 (5.1× 10−6) 221.834 (0.031) 191.243 (4.4× 10−6) 200.935 (0.248)

LPS 1 11.493 (8.0× 10−6) 12.222 (0.002) 11.036 (9.8× 10−5) 11.875 (0.002)

2 10.617 (7.0× 10−6) 11.318 (0.002) 11.065 (1.8× 10−4) 9.790 (6.9× 10−5)

Ψ̂st 11.054 (9.3× 10−7) 11.770 (2.2× 10−4) 11.050 (1.7× 10−5) 10.833 (7.8× 10−5)

M1 M3

nV = 32%n k MC SIR MC SIR

MH 1 4.485 (1.3× 10−6) 4.519 (3.6× 10−4) 3.630 (9.7× 10−7) 3.520 (1.4× 10−3)

2 10.231 (2.4× 10−6) 9.113 (4.9× 10−4) 2.563 (3.1× 10−7) 2.666 (5.6× 10−4)

Ψ̂st 7.933 (1.9× 10−6) 7.275 (5.3× 10−5) 2.990 (6.4× 10−7) 3.007 (1.3× 10−5)

average IS 1 276.621 (1.1× 10−4) 283.754 (0.338) 236.582 (2.5× 10−5) 244.048 (0.737)

2 223.272 (3.5× 10−4) 236.842 (0.130) 140.477 (3.5× 10−5) 141.313 (0.776)

Ψ̂st 244.611 (1.2× 10−4) 255.607 (0.029) 188.529 (8.1× 10−6) 182.407 (0.378)

LPS 1 24.189 (2.4× 10−5) 29.525 (0.002) 22.302 (1.0× 10−6) 25.116 (0.002)

2 33.768 (2.9× 10−5) 31.235 (0.012) 30.795 (1.0× 10−6) 30.573 (3.2× 10−4)

Ψ̂st 29.936 (2.6× 10−5) 30.209 (8.2× 10−4) 27.398 (1.4× 10−7) 28.390 (1.1× 10−4)
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Chapter 4

Bayesian selection of training

samples for spatially correlated data

In this chapter, we consider the problem of detecting spatial locations that can con-

siderably affect the estimation of parameters and prediction in spatial data modelling.

Often in geostatistical model checking, some locations are removed from the dataset, and

then observed data and predicted values are compared through some diagnostic measure.

The choice of the locations to be removed from the data for validation purposes depends

on the spatial arrangement and is usually done in a random manner.

A commom way of assessing the influence of an observation on model fit is through

case deletion. In the Bayesian approach, a natural choice is to measure the importance

of the change in the posterior distribution when an observation is removed from the

dataset. In this context, we consider the Kullback-Leibler (KL) information as a measure

of distance between the posterior based on the full dataset and the posterior based on a

subset of the data. In other words, it measures the amount of information lost when the

posterior is obtained considering subsets of the data instead of the full dataset. According

to McCulloch (1989), we want to know if relatively small changes in the data correspond

to substantial changes in the results.

In the literature, the problem of detecting influential subsets of the data has been

considered in the univariated case. Jhonson and Geisser (1983) consider using a distance

measure for the detection of outliers in a linear model. They employed KL information
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to measure discrepancies. Pettit and Smith (1985) discuss that influential observations

may simply be outliers in the usual sense, but they may also be observations which lie in

unusual regions of the design space. Besides that, Pettit (1986) suggests the use of the KL

information for detecting influential observations. McCulloch (1989) developes a method

for assessing the influence of the choice of model assumptions. Weiss and Cook (1992)

introduce the KL information to assess the divergence between posterior distributions in

the context of case deletion in generalized linear models. Others authors considered the

KL information as a suitable tool for Bayesian model choice. Cho et al. (2009) propose

Bayesian case influence diagnostics for complex survival models. They developed case

deletion influence diagnostics for posterior distributions based on the KL information.

In the spatial correlated data context, we will adopt the Kullback-Leibler information

to choose a set of training data considering the influence of each location in the sample

arrangement. The importance of spatial correlation is discussed and the effect of spatial

correlation on model selection is considered. We intend to validate the model based

on cross-validation techniques from a training sample size useful to obtain an efficient

performance in the estimation of the parameters of the proposed model. Therefore, under

an appropriate selection method using only a subset of locations (the training sample), it

would provide approximately the same information as the whole dataset. It means that

if sample locations are selected correctly we would have a similar posterior distribution

with only part of the data.

As a result of this study we provide an algorithm based on selecting iteratively training

observations through the Kullback-Leibler information. Besides that, we investigate the

effect of training sample sizes in the predictive performance evaluation of geostatistical

models for different spatial range parameters.
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4.1 Bayesian influence diagnostics

4.1.1 General development

Let y = (y1, y2, . . . , yn) be the full dataset and y(i) be the dataset with the i-th case

removed. The vector of full dataset can be written as y = (yi,y(i)), i = 1, . . . , n, where

yi represents the i-th case (or subset case). We denote by f(y | θ) the likelihood based

on the full dataset and f(y(i) | θ) the likelihood based on the dataset without the i-th

case. In a Bayesian approach the prior distribution π(θ) should be specified, from which

we can evalute the posterior distribution for full dataset and sub-dataset, i.e., p(θ | y)

and p(θ | y(i)), respectively.

The Kullback-Leibler information is defined as a measure in probability theory which

shows similarity of two probability distribution function, (see Kullback and Leibler, 1951,

page 79). We employ Kullback-Leibler information as measure of discrepancy between

posterior distributions with and without a particular case about the parameter θ. From

a Bayesian point of view, the combination of the information from the prior and sample

has the purpose of making some sort of decision or inference.

Definition 4.1.1 Let p = p(θ | y) and p−i = p(θ | y(i)), respectively be the posterior with

full dataset and the posterior based on the dataset without the i-th case (or the subset)

and a continuous random variable Y . The Kullback-Leibler information in θ is defined

as

KL [p, p−i] =

∫
p(θ | y) log

(
p(θ | y)

p(θ | y(i))

)
dθ (4.1)

It measures the effect of deleting the i-th case from the full dataset on the joint posterior

distribution of θ. This is roughly the gain in information by observing yi. This measure

is non-negative and is zero if, and only if, p = p−i. In general, KL[p, p−i] 6= KL[p−i, p].

We are measuring the distance between the posterior distributions conditional on all

data or the data taking off the sub-dataset. The distance measure is used both in

its symmetric and non-symmetric forms. Note that KL[p, p−i] ≥ 0. We prove the

non-negativity of Kullback-Leibler information using Jensen’s Inequality. For any two

probabilities distributions p and p−i we have
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KL [p, p−i] =

∫
p(θ | y) log

(
p(θ | y)

p(θ | y(i))

)
dθ

= Eθ|y

[
log

(
p(θ | y)

p(θ | y(i))

)]

= Eθ|y

[
−log

(
p(θ | y(i))

p(θ | y)

)]

≥ − log
[(

p(θ | y(i))

p(θ | y)

)]

= − log
∫
p(θ | y)

p(θ | y(i))

p(θ | y)
dθ

= − log
∫
p(θ | y(i))dθ

= − log (1)

= 0

We can be written the equation (4.1) in terms of the likelihood function as

KL [p, p−i] = Eθ|y

[
log

(
f(y | θ)
f(y(i) | θ)

)]
− log Eθ|y

[
f(y(i) | θ)
f(y | θ)

]

= Eθ|y
[
log f(yi | θ,y(i))

]
− Eθ|y

[
log f(yi | y(i))

]
, (4.2)

where Eθ|y[·] represents the expectation with respect to the joint posterior distribution

of θ given data. Recall that the expectation in equation (4.2) is taken over the posterior

distribution. Note that the smaller (and hence the closer to 0) value of KL[p, p−i], the

closer the model p−i is to the true distribution, p. This can be easily calculated using

only MCMC samples from the full data posterior distribution of θ. More details see

Appendix D.

4.2 Data partition

In cross-validation analysis, one of most challenging and difficult problems is the

determination of the training data from the dataset. Some issues is commonly discussed

in the literature. If the dataset is composed from n observations, there are
(
n
nT

)
ways to

choose a training sample of size nT .
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The aim of our method is to evaluate and determine possible training sample sizes

from the measure influence for the data. We propose a sequential method to select the

training set size which is based on the complete posterior distribution of the data via the

Kullback-Leibler information. Cross-validation techniques are used based on the choice

of a particular partition.

Notice that ideally we would evaluate all possible samples of size nT . However, this

approach is computationally prohibitive, and alternatively a scheme for selecting the

training set size and the set itself is proposed.

For each partition of sample size nT , we obtain the optimal partition, that is, the

observation which is less influential for parameter estimation is removed from the training

set and allocated to the validation set. The general procedure is summarized in Algorithm

3;.

Algorithm 3: Algorithm for data partition

1. Use a MCMC run to draw from the posterior distribution p = p(θ | y);

2. Start the partition with nT = n− 1 with I =
(
n
nT

)
possible configurations;

3. for each configuration defined by step (2) do

compute KL[p, p−i] where p−i = p(θ | y(i));

end

4. Choose the partition which minimizes KL [p, p−i];

5. The observation yi which returns the minimum of KL is selected for the

validation set, nV ;

6. Repeat steps (2), (3), (4) and (5), considering n = n− 1 in step (2) ;

4.3 Simulated Study: the Gaussian Case

We illustrate our methodology with simulated datasets in an unit square, each con-

taining n = (20, 60, 90) data points randomly located within the area (irregular grid).

We replicate this study for 30 datasets for each considered sample size n. The simulated

values were generated from the Gaussian model given bellow with µ = 0, σ2 = 1 and
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spatial range parameter φ = (0.05, 0.30, 0.70) with,

Yi = µ+ S(xi), i = 1, . . . , n (4.3)

where S ∼ N(0, σ2R) and R (correlation matrix) has elements rij = ρ(||xi−xj||;φ), with

no covariates, zero mean and covariance parameters (σ2 = 1, φ = (0.05, 0.30, 0.70)). The

resulting model is an usual Gaussian geostatistical model with Y ∼ Nn (µ1,Σ = σ2R).

Figure 4.1 presents the spatial arrangement for differents values of n. The spatial

parameter φ > 0 determines the rate at which the correlation decreases as distance u

grows. The decay is faster for smaller values of φ and smoother for larger values of φ (the

Figure 1.2 in section 1.1 illustrates the effect of these parameter settings). It is expected

that the value of φ influences the value of the KL information.

(i) (ii) (iii)

Figure 4.1: Sample locations generate randomly in a unit square with (i) n = 20, (ii)

n = 60 and (iii) n = 90.

This study will evaluate the performance of the Gaussian model. Under the Bayesian

spatial context, we fitted the spatial Gaussian model to the simulated datasets and used

MCMC techniques for posterior distribution simulation. In this study, we consider µ and

σ2 known because we are mainly interested in the effect of in the range parameter φ and

the sample size n. The prior distribution assigned is φ ∼ G(1; c/med(u)), with c > 0 and

med(u) denoting the median distance in the observed data.

We would like to assess the influence of the observations and influence of the parameter

φ which composes the covariance structure. Some issues can be verified such as, if high
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correlations between locations imply more information in the data and the choice of

training and validation data size can be influenced by the value of φ. We assessed the

effect of the i-th case on the estimation of φ.

In each size data partition nT , we consider the optimal dataset, that is, the sub-dataset

that is closest to the full dataset according to the KL measure. The KL information

identifies influential case(s) provinding large measures when compared to the other cases.

Notice that the maximum distance from full dataset represents the worst estimation and

the minimum distance from full dataset represents the possible estimation with a subset

contaning nT of data.

In this study we analyzed the performance of the model varying the validation dataset

up to 75% and the 30 replicated datasets. The correlated observations tends to be more

similar and therefore the KL information between observations tend to be smaller, see

the case of φ = 0.70. This does not occur in the case φ = 0.05, where the observations

are close to be independent. Figures 4.2 presents the summary of the minimum KL

information for each simulated dataset varying φ and n. As expected, the value of the

KL measure is larger for smaller values of φ, indicating that less correlation leads to more

influence of each observation when its removed. On the other hand, when there is large

correlation, the observations tend to be more similar and the KL measure is smaller.

This behaviour is similar for all sample sizes considered.
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φ = 0.05 φ = 0.30 φ = 0.70

φ = 0.05 φ = 0.30 φ = 0.70

φ = 0.05 φ = 0.30 φ = 0.70

Figure 4.2: Summaries of minimum Kullback-Leibler information (axis y) for 30 simulated

datasets for differents values of n varying nV (axis x): n = 20 (first row), n = 60

(second row), n = 90 (third row). Columns represents the variation of range parameter

φ = (0.05, 0.30, 0.70).

Figures 4.3, 4.4 and 4.5 show posterior median and credible intervals of the posterior

distribution for φ considering 30 replicated datasets for 3 sample sizes n = 20, n = 60 and
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n = 90, respectively. This measures are related to the optimal partition choice in each

partition. Values of nV equal to 5%n, 25%n, 30%n, 50%n and 75%n were considered.

Posterior inferences about φ are sensitive to the choice of training and validation sample

size. Overall, the inferences are most sensitive for larger values of parameter φ and

smaller values of nT . Notice that as φ decreases, this corresponds to generally weaker

correlations between the Yi, i = 1, . . . , n.

The fit of the proposed model might be affected by assigning small training sample

sizes if the value of φ is large. Overall, in this study, we recommend a choice of nV =

0.25%n or less, as larger validation sizes lead to poor estimation of φ.

Figures 4.6, 4.7 and 4.8 present percentage of times that observations yi was chosen for

compose the training sampling and Figure 4.9 shows the position of the locations in each

spatial arrangement considering 30 replicated datasets for n = 20, 60, 90, respectively.

Based on the position of locations, we can verify the influence of a given location acoording

to the number of time it is chosen to compose the training set in the 30 replications

performed. For all scenarios of n and φ, the choice of the optimal sample size according to

each partition was evaluated using the KL information proposed in the previous section.

Note that as spatial correlation gets larger (third row) the distribution of influential

observations is less uniform then in the scenario of small spatial correlation (first row)

and often repeat the same influential cases or its near neighbors in the training set.

In contrast, for less correlated samples this choice seems to be random. This feature

highlights that in the case of large spatial correlation the choice of observations to be in

the training set is more relevant and ignoring this in the model criticism step might lead

to poor model evaluation.
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Figure 4.3: Posterior distribution (median and 95% credible intervals) of φ versus 30 simulated datasets. Columns represents

differents partitions of nV considering n = 20. Rows represents the variation of range parameter: φ = 0.05 (first row), φ = 0.30

(second row) and φ = 0.70 (third row). Red dashed lines represents the true values of φ.
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Figure 4.4: Posterior distribution (median and 95% credible intervals) of φ versus 30 simulated datasets. Columns represents

differents partitions of nV considering n = 60. Rows represents the variation of range parameter: φ = 0.05 (first row), φ = 0.30

(second row) and φ = 0.70 (third row). Red dashed lines represents the true values of φ.
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Figure 4.5: Posterior distribution (median and 95% credible intervals) of φ versus 30 simulated datasets. Columns represents

differents partitions of nV considering n = 90. Rows represents the variation of range parameter: φ = 0.05 (first row), φ = 0.30

(second row) and φ = 0.70 (third row). Red dashed lines represents the true values of φ.
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Figure 4.6: Percentage of observation yi chosen for training sampling considering 30

simulated datasets. Columns represents differents partitions of nT (training) considering

n = 20. Rows represents the variation of range parameter: φ = 0.05 (first row), φ = 0.30

(second row) and φ = 0.70 (third row).
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Figure 4.7: Percentage of observation yi chosen for training sampling considering 30

simulated datasets. Columns represents differents partitions of nT (training) considering

n = 60. Rows represents the variation of range parameter: φ = 0.05 (first row), φ = 0.30

(second row) and φ = 0.70 (third row).
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Figure 4.8: Percentage of observation yi chosen for training sampling considering 30

simulated datasets. Columns represents differents partitions of nT (training) considering

n = 90. Rows represents the variation of range parameter: φ = 0.05 (first row), φ = 0.30

(second row) and φ = 0.70 (third row).
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(i) (ii) (iii)

Figure 4.9: Numbered sample locations according to sample size n: (i) n = 20, (ii) n = 60

and (iii) n = 90.
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Chapter 5

Conclusions

We consider Bayesian model comparison and criticism of geostatistical models. Cross-

validation techniques are considered to evaluate the model predictive performances and

we allow for uncertainty in the choice of validation sets through the prior distribution on

the possible sets.

The results obtained in this study are useful for understanding the effect of cross-

validation in spatial data analysis. This work addresses important issues that have not

been completely dealt with in the literature, such as the ad hoc choice of validation sets

in spatial data analysis.

The prior via distances choose the location to compose the training sample according

to its respective probability given by distances. This prior is an alternative to the uniform

prior which assumes the same probability for the sample selection locations and could be

potentialy useful in irregular spatial regions as often seen in data applications.

The proposed stratified scheme contributes to reducing the global variability in strat-

ified cross-validation. Futhermore, it indicates regions with lack of fit in the spatial

domain. The SIR estimator is a good approximation of the MC estimator and requires

only a few MCMC runs for the parameter estimation step.

As pointed out by Cochran (1999), there are important issues related to the building of

the strata, such as: as the potential variables used to determine them; the determination

of their boundaries; and the number of strata. Moreover, the question of choosing the

training sample size should also be considered and it is not trivial. We considered two
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different scenarios in the application to rainfall data to accommodate the possible effect

of choosing a training set that is too small or too large through the three proposed prior

distributions: uniform, distances and stratified.

We investigated the choice of training sample size for geostatistical models. We

proposed a sequential method that evaluates each spatial location in the dataset from

cross-validation techniques and the KL information. This method selects to compose the

validation sample the observations that are less influential in the dataset. In addition,

we can verify that the influence is associated to the spatial structure of the data, the

effective sample size and the spatial correlation. In the case of large spatial correlation

the selection of observations to be in the training set is crucial for the better performance

of the model validation techniques.

5.1 Future Developments

The results obtained in this thesis were useful for understanding the effect of cross-

validation in spatial data analysis. In this context, this work addressed issues which were

not completely explained in the literature. We propose stratified cross-validation for

spatial correlated data. Stratification may produce a gain in precision in the estimates

of characteristics of the whole population. Our approach brings out some issues about

model selection criterion that need to be investigated:

1. Prior distribution for for the split sy: until now, we considered three prior dis-

tributions for choice of split vectors. In spatial context, we need to take into account

the spatial correlation and also the spatial arrangement of the data. We define some

point process in Subsection 2.2, with the intensity function λ(x). For instance, consider

a stochastic process given by
{
W (x), x ∈ A ⊂ Rd

}
such that a intensity function λ(x) is

defined as

λ(x) = exp {W (x)} .

We may consider the importance of the process W generated in the sample design.
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We could assign the split vector s a weighting that takes into account the intensity of the

process. Therefore, locations may be sampled according to the mean number of events

per unit area.

2. Wombling : in this work, stratified sampling was use to divide a possible heteroge-

neous spatial domain in subregions more homogeneous to achieve smaller variances for

the estimated discrepancy functions. Note that the division in space was done arbitrarily.

In many analysis, the interest focuses on identifying regions that rapid change (lines or

curves) in the spatial surface. Identify locations or curves where there is rapid change is

referred to as wombling or boundary analysis. Banerjee and Gelfand (2006) developed an

inferential method for boundaries on Gaussian process surfaces, but this has been applied

only to usual geostatistical models. Liang et al. (2009) present wombling methods for

estimated intensity surfaces within a hierarchical point-process setting.

The concept of rapid change in the spatial surface is mathematically formalized using

spatial gradients. Banerjee and Gelfand (2006) propose a Bayesian point-level wombling

framework for any mean-squared differentiable surface Y (x) at x0, i.e., it admits a first-

order linear expansion for any scalar h and any unit vector v ∈ Rd. Therefore, a direc-

tional gradient process on Rd is defined as the following mean-squared limit,

DvY (x) = limh→0
Y (x + hv)− Y (x)

h
, (5.1)

whereDvY (x) = 〈∇Y (x),v〉 and the distance between x and x + hv is |h|. Therefore,

the quocient in (5.1) represents the average rate of change of Y per unit of distance over

the line segment from x to x + hv.

The gradient ∇Y (x) is invariant over the choice of the direction vector, and we could

consistently define

DwY (x) = limh→0
Y (x + hw)− Y (x)

h
, (5.2)

for any vector w. Note that, any vector w can be written as ||w||v, where v is a unit

vector collinear to w, so the foregoing linearity implies that DwY (x) = ||w||DvY (x) =

〈∇Y (x),w〉. For more details, see Banerjee and Gelfand (2006).

69



Thus, the directional derivative of a differentiable function along a given vector v

at a given point x represents the instantaneous rate of chance of the function, moving

through x with a velocity specified by v. This methodology could be used to identify the

homogeneous subregions for spatial cross-validation.

3. Creating R packages : R packages are a comfortable way to maintain collections

of R functions and data sets. Leisch (2009) gives a practical introduction to creating R

packages. Our goal is to implement a package able to evaluate performance of spatial

models via cross-validation from the proposed method. Several discrepancy measures

can be adopted, see Section 3.4. See more details by Appendix E for univariate dataset

context.
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Appendix A

Student-t Process

For the Student-t spatial process (Roislien and Omre (2006)) an n-dimentional ran-

dom vector y = (y(x1), . . . , y(xn)) follows the n-variate Student-t distribution with de-

grees of freedom ν ∈ R+, mean vector µ1 ∈ Rn and covariance matrix Σ = σ2R if its

joint probabilidade density function is given by

f(y | µ, σ2, φ, ν) =
Γ(ν+n

2
)

Γ(ν
2
)(νπ)n/2|Σ|1/2

[
1 +

(y − 1µ)
′
Σ−1(y − 1µ)

ν

]−(ν+n)/2

, (1.1)

with Γ(·) the gamma function and where R is a correlation matrix with elements rij =

exp{−||xi − xj||/φ}, with range parameter φ > 0 that determines the rate at which the

correlation between observations decreases as distances grow.

The Gaussian process is a special case of Student-t proces with degrees of freedom

ν →∞.
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Appendix B

Markov Chain Monte Carlo Sampler

The prior distributions considered for the parameters in Section 1.2 and proposal

densities used in the MCMC algorithm are detailed as follows.

1. σ2 ∼ GI(a, b), a, b > 0. The proposal density in the MCMC sampler is:

ln(σ2) ∼ Normal(ln(σ2(k−1)), σ2
(σ2)).

2. µ ∼ Normaln(0, τ 2
µ), τ 2

µ > 0. The proposal density in the MCMC sampler is:

µ ∼ Normal(µ(k−1), σ2
(µ)).

3. φ ∼ Gama(1, c/med(us)), with c > 0 and med(us) denoting the median distance

in the observed data. The proposal density in the MCMC sampler is:

ln(φ) ∼ Normal(ln(φ(k−1)), σ2
(φ)).

4. Jeffreys independent prior distribution Fonseca et al. (2008):

p(ν) ∝
(

ν

ν + 3

)1/2{
ψ′
(ν

2

)
− ψ′

(
ν + 1

2

)
− 2(ν + 3)

ν(ν + 1)2

}1/2

,

with ψ′(a) = d{ψ(a)}
da

the trigamma function. In the context of regression models,

this prior distribution guarantees that the posterior distribution for ν is proper.

The proposal density in the MCMC sampler is:

ln(ν) ∼ Normal(ln(ν(k−1)), σ2
(ν)).

72



B.1 GLG Bayesian model

We follow Palacios and Steel (2006) in the simulation from the posterior distribution

of parameters in the GLG model. The vector y has conditional distribution given by

y |µ, φ, σ2,∆, τ 2 ∼ Normaln(µ, τ 2In + σ2(∆−1/2R∆−1/2))

with ∆ = diag(δ1, . . . , δn) and φ the spatial range parameter. Define Σ = τ 2In +

σ2(∆−1/2R∆−1/2).

1. σ2 ∼ GI(a, b), a, b > 0. The proposal density in the MCMC sampler is:

ln(σ2) ∼ Normal(ln(σ2(k−1)), σ2
(σ2)).

2. µ ∼ Normaln(0, τ 2
µ), τ 2

µ > 0. The proposal density in the MCMC sampler is:

µ ∼ Normal(µ(k−1), σ2
(µ)).

3. φ ∼ Gama(1, c/med(us)), with c > 0 and med(us) denoting the median distance

in the observed data. The proposal density in the MCMC sampler is:

ln(φ) ∼ Normal(ln(φ(k−1)), σ2
(φ)).

4. υ ∼ GIG(ζ, δ, ι), ζ ∈ R, δ ∈ R and ι ∈ R. The proposal density in the MCMC

sampler is:

ln(υ) ∼ Normal(ln(υ(k−1)), σ2
(υ)).

5. ln(δ) | υ, φ ∼ Normaln
(
−υ

2
1, υ R

)
. The proposal in the MCMC sampler is:

The spatial region is divided in subregions and a random walk proposal density is

used for each subregion. Palacios and Steel (2006) propose a independent sampler

which might be more efficient than random walk proposals in the case of large

datasets.

In Gaussian case, we run the sampler without the steps for υ (next to zero) and δ

(which is equal to 1).
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Appendix C

Variance estimator

According to Robert and Casella (2009), the generic problem involves evaluating the

integral

Ef (h(X)) =

∫

χ

h(x)f(x)dx, (3.1)

where χ denotes the set where the random variable X takes its values, which is usually

equal to the support of the density f .

The principle of the Monte Carlo method for approximating equation (3.1) is to

generate a sample X1, . . . , Xn from the density f and proposed as an approximation to

the empirical average

h̄n =
1

n

n∑

j=1

h(xj)

since h̄n converges almost surely to Ef (h(X)) by the strong law of large numbers.

When h2(X) has a finite expectation under f the speed of convergence of h̄n can be

assessed, since the convergence takes place at a speed O(
√
n) and the asymptotic variance

of the approximation is

var(h̄n) =
1

n

∫

χ

[h(x)− Ef (h(X))]2 f(x)dx, (3.2)

which can also be estimated from the sample (X1, . . . , Xn) through
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vn =
1

n2

n∑

j=1

[
h(xj)− h̄n

]2
.

Analogously to equation (3.2), we can obtain the variance of the estimators Ψ̂mc and

Ψ̂sir. Notice that from the equation (3.8) we obtain,

var(Ψ̂mc) =
1

I2

1

J2

I∑

i=1

J∑

j=1

[
r(s(i)

y ,y, θij, y
rep
ij )− Ψ̂mc

]2

(3.3)

Thus,

var(Ψ̂sir) =
1

H2

1

I2

H∑

h=1

I∑

i=1

[
Ψhi − Ψ̂sir

]2
. (3.4)

is the SIR estimator variance, obtained from equation (3.10), where,

Ψhi =

∑J
j=1 r(s

(i)
y ,y, θhj, y

rep
hj )whj∑J

j=1whj

C.1 SIR estimator details

We draw a MCMC sample from g(θ), which is then reweighted using importance sam-

pling to obtain p(θ | sy). The same posterior sample serves for every split sy considered,

saving computational time.

The equation weighting term whj =
p(θhj |yT [sy ])

g(θhj)
can be obtained by applying the

logarithm of the ratio as

log(whj) = log

{
p(θhj | yT [sy ])

g(θhj)

}
= log

{
f(yT [sy ] | θhj)
f(y | θhj)α

}

= log f(yT [sy ] | θhj)− α logf(y | θhj) (3.5)

C.2 Stratified Variance var(Ψ̂k)

For the MC estimator, we have each (s
(i)
y ,y, θij, y

rep
ij ) distributed as the reference

distribution. Then
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Ψ̂mck =
1

Ik

Ik∑

i=1

1

J

J∑

j=1

rk(s
(i)
y ,y, θj, y

rep
ij )

is the MC estimator in each stratum. We can obtain the variance of the stratified MC

estimator as

var(Ψ̂st) =
1

n2

K∑

k=1

nk(nk − nVk)
s2
k

nVk

=
K∑

k=1

wk
n

(nk − nVk)
s2
k

nVk

=
K∑

k=1

wk
n

(1− fVk)
s2
k

nVk
(3.6)

where

s2
k =

1

(nVk − 1)

nk∑

i=1

(rki − Ψ̂k)
2

and rk represents any reference distribution. Note that equation (3.6) can be written as

var(Ψ̂st) = var

(
K∑

k=1

Ψ̂st
k

)

= var

(
K∑

k=1

wkΨ̂k

)

=
K∑

k=1

w2
k var(Ψ̂k)

(3.7)

Therefore, var(Ψ̂st
k ) = var(wkΨ̂k) = w2

k var(Ψ̂k),∀ k = 1, . . . , K. Analogously, we

have a similar result for the SIR estimator variance.
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Appendix D

Kullback-Leibler Information

Let y = (y1, y2, . . . , yn) a vector of observations and the likelihood function f(y | θ).
We can write y = (yi,y(i)), where yi represents the single observation and y(i) the vector

of observations without the i-th case. Therefore, the likelihood function can be written

as

f(y | θ) = f(yi,y(i) | θ)

= f(y(i) | θ)f(yi | θ,y(i)), i = 1, . . . , n

The Kullback-Leibler information follow as

KL[p, p−i] =

∫
p(θ | y) log

(
p(θ | y)

p(θ | y(i))

)
dθ

=

∫
p(θ | y) log

(
f(y | θ)π(θ)

f(y)

f(y(i))

f(y(i) | θ)π(θ)

)
dθ

=

∫
p(θ | y) log

(
f(y | θ)
f(y(i) | θ)

)
dθ +

∫
p(θ | y) log

(
f(y(i))

f(y)

)
dθ

=

∫
p(θ | y) log f(yi | θ,y(i)) dθ −

∫
p(θ | y) log f(yi | y(i)) dθ

= Eθ|y
[
log f(yi | θ,y(i))

]
− Eθ|y

[
log f(yi | y(i))

]
.
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where

f(yi | y(i)) =

∫
f(y | θ)π(θ)

f(y(i) | θ)π(θ)
dθ =

∫ f(y|θ)π(θ)
f(y)

dθ
∫ f(y(i)|θ)π(θ)p(θ|y)

f(y)p(θ|y)
dθ

=

∫
p(θ | y)dθ

∫ f(y(i)|θ)p(θ|y)

f(y|θ) dθ

=
1

∫ p(θ|y)f(y(i)|θ)
f(y|θ) dθ

=
1∫ p(θ|y)

f(yi|θ,y(i))
dθ

= Eθ|y

[
1

f(yi | θ,y(i))

]−1

Therefore,

KL[p, p−i] = Eθ|y
[
log f(yi | θ,y(i))

]
− log Eθ|y

[
1

f(yi | θ,y(i))

]−1

If we have yi = yi a single observation case delete, the Kullback-Leibler information

is evaluated as

KL[p, p−i] = Eθ|y
[
log f(yi | θ,y(i))

]
− log Eθ|y

[
1

f(yi | θ,y(i))

]−1

= Eθ|y
[
log f(yi | θ,y(i))

]
− log (CPO)

where CPO represents the conditional concordance predictive ordinate likelihood evalu-

ated in [θ | y].

78



Appendix E

‘BayesCV’ Package for Univariate

Data

In this work we developed an R package for cross validation of Bayesian models. Any

theory used to implement functions was performed from the computational proposal of

Alqallaf and Gustafson (2001) for univariate dataset.

A package is a directory of files which extend R. According to Team (2016), packages

provide a mechanism for loading optional code, data and documentation as needed. After

that, we then structure the pieces into the form of an R package. To create the package,

we implement three necessary optimized functions on cross-validation of Bayesian models

of univariate data:

(i) the split vectors 0 – 1 function

(ii) the MC (silver as proposed by Alqallaf and Gustafson (2001)) estimator function.

(iii) the SIR (bronze as proposed by Alqallaf and Gustafson (2001) ) estimator function.

For this, we define classes and methods for the estimators under cross-validation,

including a formula interface for the specification of the estimator. We would like to

emphasize that, R implements a dialect of the S programming language (object oriented),

more details see Team (2016).
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The build package results in a file BayesCV 1.0.tar.gz which we can pass to other

people. ‘BayesCV’ package can be installed via Package Archieve File (.tar.gz). We

can call the package inside the program R by the command

> require(BayesCV)

BayesCV-manual is given for the demo package BayesCV. Include three functions, for

more details see help().

?split.sample

?bronze.BayesCV

?silver.BayesCV

E.1 Data Iris

This famous (Fisher’s or Anderson’s) iris data set (n = 150) gives the measurements

in centimeters of the variables sepal (length and width) and petal (length and width),

respectively, for 50 flowers from each of 3 species of iris. The species are Iris setosa,

versicolor, and virginica.

The variables petal length and petal width are highly correlated over all species. We

applied a linear regression model to study the relationship between variables. The aim

of the study is to verify that the bronze estimator is a good approximation for the

silver estimator, which reduces the amount of Monte Carlo simulation required from the

‘BayesCV’ package.

Letting X and Y be the Petal Length and Petal Width respectively, we fit the linear

model Y |X ∼ N(β0 + β1X, σ
2), in tandem with the noinformative prior for β0, β1, σ

2.

We choose nT = 100 and nV = 50, so that the cross-validation is based on fitting the

model to 66,7% of the cases and predicting the responses for the 33,3% cases.

We randomly sample I = 300 splits from split.sample() and then compute the

silver and bronze estimates of (3.6) as the function of interest. The silver estimator is
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computed using posterior samples (parameters) after burn-in iterations for each split.

The bronze estimator is computed with H > 1 posterior samples (parameters) after

burn-in iterations. It is used the silver.BayesCV() and bronze.BayesCV() functions.

R prompt:

> data(iris)

> attach(iris)

> y <- Petal.Width # observed values

> x <- Petal.Length # covariate

> n <- length(y) # sample size

> n.t <- 100 # training sample size

> n.v <- n - n.t # validation sample size

> split <- 300 # choose arbitrary

> require(BayesCV)

Carregando pacotes exigidos: BayesCV

> ### ?split.sample ### creates a partition in the data set

> y.obs <- split.sample(y, split, n.t, n.v)[2] # training sample

> y.v <- split.sample(y, split, n.t, n.v)[3] # validation sample

> ## Silver Estimator

> ## After the MCMC we have s.mean and s.var

> output1 = silver.BayesCV(y.v, parameters=list(s.mean, s.var),

+ discrepancy=c("MS.Error","Maximum"))

> ## Bronze Estimator

> ## After the MCMC we have b.mean and b.var

> output2 = bronze.BayesCV(y, y.obs, y.v , parameters=list(b.mean, b.var),

+ discrepancy=c("MS.Error","Maximum"))
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> summary(output1)

Call:

silver.BayesCV.default(v.sample = y.v, parameters = list(s.mean, s.var), discrepancy

= c("MS.Error","Maximum"))

Cross-Validation with Silver Estimator

Reference Distributions:

Estimate Std.Err

1 MS.Error 1.021554 2.789791e-07

2 Maximum 0.7107746 2.456977e-04

> summary(output2)

Call:

bronze.BayesCV.default(sample = y, t.sample = y.obs, v.sample = y.v, parameters

= list(b.mean, b.var), discrepancy = c("MS.Error", "Maximum"))

Cross-Validation with Bronze Estimator

Reference Distributions:

Estimate Std.Err

1 MS.Error 0.9807081 8.301400e-05

2 Maximum 0.6439558 1.271315e-03

The MC (silver) and SIR (bronze) estimates are obtained with simulation standard

errors. The SIR estimates is an approximation by the importance function and requires

less computation as shown in the R output. The loss of accuracy the SIR estimator is

more than offset by the faster execution time.
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Package ‘BayesCV’
March 28, 2017

Type Package

Title Cross-Validation of Bayesian Linear Models

Version 1.0

Date 2017-03-06

Author Fernando A S Moura, Thais C O Fonseca and Viviana G R Lobo

Maintainer Viviana G R Lobo <viviana@dme.ufrj.br>

Description This is a demo package for Bayesian Cross-Validation

Suggests stats , broman

License GPL-2

R topics documented:

bronze.BayesCV . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
silver.BayesCV . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
split.sample . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

Index 10

bronze.BayesCV Bronze Estimator

Description

Describes the bronze estimator, so that cross-validation can be regarded as expectations with respect
to discrepancy measures and requires only a handful of MCMC runs as data splits.

Usage

bronze.BayesCV(sample,t.sample, v.sample, model="gaussian",
parameters= list(), discrepancy= "MS.Error")

1
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2 bronze.BayesCV

Arguments

sample a (non-empty) vector of observed values.
t.sample an (non-empty) array of training samples.
v.sample an (non-empty) array of validation samples.
model a character specifying the model distribution, must be "gaussian" (default),

"student", "poisson","gamma", "binomial".
parameters an array of the posterior samples about model choice. If model="gaussian",

implies parameters=list(mean,variance). Note that, mean and variance
are arrays.

discrepancy a discrepancy measure, must be "MS.Error" (default), "S.Error","RS.Error",
"Maximum", "Chi.Squared". See ‘Details’ for the meanings of the possible
measures.

... not used.

Details

Cross-Validation of Bayesian linear models based on the predictive distribution of the validation
data given the training data. A pragmatic Bayesian might be interested in a cross-validatory com-
parasions of the models. This generic functions called Bronze Estimator.

The idea of cross-validation is to divide the observed data at random into a training sample and
validation sample. Models fit to the training sample can be used to predict the validation sample
responses. In this context, cross-validation of Bayesian models uses repeated data splitting, see
split.sample.

Models and fitting techniques which yield better predictions in this scheme are then preferred.

bronze.BayesCV based on the idea of splitting data in the context of measuring prediction error.
With a view to reducing the computational burden, the bronze.BayesCV which requires only a
handful of MCMC runs. Is an approximation to the silver estimator, see silver.BayesCV. If a
simulation standard error is not required, then in fact this estimator can be based on a singles MCMC
run. Otherwise, H > 1 independent MCMC is required.

The posterior density for a given training sample can be expressed as p(θ|s) = c(s)
−1
p∗(θ|s),

where

p∗(θ|s) =




∏

i∈T [s]

f(yobsi |xi, θ)



 f(θ)

is an unnormalized version of the posterior. We approximate the above equation by a distribution
which is heuristically based on the same amount of data but wich does not depend on the specific
split s. In particular, define

q∗(θ) ∝
{

n∏

i=1

f(yobsi |xi, θ)
}α

f(θ),

where α = nT /n. The use of α implies in flattening the posterior distribution.

To be specific, denote by θh1, . . . , θhJ us the hth of H independent MCMC samples simulated from
q(θ). The chosen value of H is usually quite small. Draw yrephj from

Ψ̂B =
1

H

H∑

h=1

1

I

I∑

i=1

∑J
j=1 r(si, θhj , y

rep
hj )whj

∑J
j=1 whj

s

where each weighthing term is whj = p∗(θhj |si)/q∗(θhj).
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bronze.BayesCV 3

Value

bronze.BayesCV returns an estimative about the model. Better predictions yield better estimates.
This containing the following components:

Estimate the value of the silver estimator

Std.Err the standard error of the silver estimator.

The argument discrepancy returns the following measures:

"S.Error" sum of squared prediction errors.

"MS.Error" mean squared prediction errors.

"RS.Error" relative prediction errors.

"Maximum" maximum observation to identify potential outliers.

"Chi.Squared" sum of the squared of a Bayesian residual.

Author(s)

The design was inspired by the cross-validation for Bayesian models of the same name described
in Alqallaf, F. and Gustafson, P. (2001). The implementation of estimator by Viviana G R Lobo,
Thais C O Fonseca and Fernando A S Moura <<viviana@dme.ufrj.br>>.

References

Alqallaf, F. and Gustafson, P. (2001) On cross-validation of Bayesian models. The Canadian Journal
of Statistics, 29, 333-340.

See Also

split.sample for split data and silver.BayesCV for cross-validation.

Examples

### generated values from poisson distribution
y<- rpois(100, 2) ## observed values
n<- length(y) ### sample size
n.v=5 ### validation size
n.t = n - n.v ## training size
split= 100 ## choice arbitrary - number of split vector

y.obs = split.sample(y, split, n.t,n.v)[[2]] ## training sample (usage for MCMC)
y.v = split.sample(y, split, n.t,n.v)[[3]] # validation sample

##### Comparison of the Bayesian linear models via cross-validation:

## 1) Assuming the poisson model

### log likelihood function
alpha = n.t / n

logL<- function(y, mu, alpha){
lambda= rep(mu, length(y))
logvero<- 0
logvero<- alpha * sum(dpois(y, lambda, log=TRUE))
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4 bronze.BayesCV

return(logvero)

}

### MCMC - Metropolis-Hastings with training sampling

H<- 3 ### suppose running H independent MCMC samples simulated from q(theta)
maxit= 5000
lamb = matrix(NA, ncol=H, nrow=maxit)
lamb[1,] = 5
aceita1 = matrix(0, nrow=H)
t0 = .1

for(h in 1:H){
for(k in 2:maxit){

lamb.prop = rnorm(1, lamb[k-1,h], sqrt(t0))

num<- logL(y, lamb.prop, alpha)
dem<- logL(y, lamb[k-1,h], alpha)

prob.aceita<- num - dem
u.aux<- runif(1) ; u<-log(u.aux)

if(u < prob.aceita){
lamb[k,h] = lamb.prop
aceita1[h,] = aceita1[h,] + 1

}else{
lamb[k,h] = lamb[k-1,h]

}
}

}

## 2) Assuming the gaussian model

H<- 3 ### suppose running H independent MCMC samples simulated from q(theta)

a0<- 0.001 ;b0=0.001; t20=10
maxit<- 5000
mu.q<- matrix(NA, nrow=maxit,ncol=H)
phi.q<-matrix(NA, nrow=maxit, ncol=H)

## initial values
mu.q[1,]<- 10 ; phi.q[1,]<-1

alpha<- n.t/n

for(h in 1:H){
for(k in 2:maxit){

phi.q[k,h]<- rgamma(1, (n*alpha+a0)/2, (((sum((y - mu.q[k-1,h])^2))*alpha)+b0)/2)
t2.1<- 1/(alpha*n*phi.q[k,h]+ 1/t20)
mu1<- t2.1*alpha*n*mean(y)*phi.q[k,h]
mu.q[k,h]<- rnorm(1, mu1,sqrt(t2.1))

}
}
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silver.BayesCV 5

## 3) Comparasion via cross-validation

output1 = bronze.BayesCV(y, y.obs, y.v, model="poisson", parameters=list(lamb), discrepancy="MS.Error")
output2 = bronze.BayesCV(y, y.obs, y.v, parameters=list(mu.q,1/phi.q))

summary(output1) ### poisson model
summary(output2) ### gaussian model

silver.BayesCV Silver Estimator

Description

Describes the silver estimator, so that cross-validation can be considered as expectations regarding
discrepancy measures and requires as many MCMC runs as data splits.

Usage

silver.BayesCV(v.sample, model="gaussian",
parameters= list(), discrepancy= "MS.Error")

Arguments

v.sample an (non-empty) array of validation samples.

model a character specifying the model distribution, must be "gaussian" (default),
"student", "poisson","gamma", "binomial".

parameters an array of the posterior samples about model choice. If model="gaussian",
implies parameters=list(mean,variance). Note that, mean and variance
are arrays.

discrepancy a discrepancy measure, must be "MS.Error" (default), "S.Error","RS.Error",
"Maximum", "Chi.Squared". See ‘Details’ for the meanings of the possible
measures.

... not used.

Details

Cross-Validation of Bayesian linear models based on the predictive distribution of the validation
data given the training data. A pragmatic Bayesian might be interested in a cross-validatory com-
parasions of the models. This generic functions called Silver Estimator.

The idea of cross-validation is to divide the observed data at random into a training sample and
validation sample. Models fit to the training sample can be used to predict the validation sample
responses. In this context, cross-validation of Bayesian models uses repeated data splitting, see
split.sample.

Models and fitting techniques which yield better predictions in this scheme are then preferred.

Silver estimator is based on the idea of splitting data in the context of measuring prediction error.
The silver estimator avoids to many repeated simulations from the posteriors sampling.
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6 silver.BayesCV

Define the posterior distribution of θ given the training data sample as

p(θ|s) ∝
nT∏

i=1

f(yobsi |θ)π(θ)

in other words, the posterior distribution are only evaluated for the training dataset.

First, simulate independent split vectors (split.sample) from p(s). Then, for each split vector
(si), use a MCMC run to draw a dependent sample θi1, . . . , θiJ from the posterior. Finally, for each
(i, j), simulate yrepij from p(yrep|θ = θij). Then each (si, θij , y

rep
ij ) is distributed as the reference

distribution Ψ and the silver estimator,

Ψ̂S =
1

I

I∑

i=1

1

J

J∑

j=1

r(si, θij , y
rep
ij ),

is an unbiased estimator of Ψ = E[r(s, θ, yrep)], reference distribution.

Value

silver.BayesCV returns an estimative about the model. Better predictions yield better estimates.
This containing the following components:

Estimate the value of the silver estimator

Std.Err the standard error of the silver estimator.

The argument discrepancy returns the following measures:

"S.Error" sum of squared prediction errors.

"MS.Error" mean squared prediction errors.

"RS.Error" relative prediction errors.

"Maximum" maximum observation to identify potential outliers.

"Chi.Squared" sum of the squared of a Bayesian residual.

Author(s)

The design was inspired by the cross-validation for Bayesian models of the same name described
in Alqallaf, F. and Gustafson, P. (2001). The implementation of estimator by Viviana G R Lobo,
Thais C O Fonseca and Fernando A S Moura <<viviana@dme.ufrj.br>>.

References

Alqallaf, F. and Gustafson, P. (2001) On cross-validation of Bayesian models. The Canadian Journal
of Statistics, 29, 333-340.

See Also

split.sample for split vector 0-1 and bronze.BayesCV for cross-validation
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silver.BayesCV 7

Examples

### generated values from poisson distribution
y<- rpois(100, 2) ## observed values
n<- length(y) ### sample size
n.v=5 ### validation size
n.t = n - n.v ## training size
split=20 ## number of split vector

y.obs = split.sample(y, split, n.t,n.v)[[2]] ## training sample (usage for MCMC)
y.v = split.sample(y, split, n.t,n.v)[[3]] # validation sample

##### Comparison of the Bayesian linear models via cross-validation:

## 1) Assuming the poisson model

### log-likelihood
logL<- function(sample, mu){
lambda<- rep(mu, length(sample))
logvero<- 0

logvero<- sum(dpois(sample, lambda, log=TRUE))
return(logvero)

}

### MCMC - Metropolis-Hastings with training sampling

maxit= 5000
lamb = matrix(NA, ncol=split, nrow=maxit)

lamb[1,] = 2
aceita1 = matrix(0, nrow=split)
t0 = .001

for(i in 1:split){ ### each split s
for(k in 2:maxit){

lamb.prop = rnorm(1, lamb[k-1,i], sqrt(t0))

num<- logL(y.obs, lamb.prop)
dem<- logL(y.obs, lamb[k-1,i])

prob.aceita<- num - dem
u.aux<- runif(1) ; u<-log(u.aux)

if(u < prob.aceita){
lamb[k,i] = lamb.prop
aceita1[i,] = aceita1[i,] + 1

}else{
lamb[k,i] = lamb[k-1,i]

}
}
}

89



8 split.sample

## 2) Assuming the gaussian model

a0<- 0.001 ;b0=0.001; t2.0=10 ### hyperparameters
maxit<- 5000 ### iterations

s.mean<- matrix(NA, ncol=split, nrow=maxit)
s.phi<-matrix(NA, nrow=maxit, ncol=split)
s.mean[1,]<- 0 ;s.phi[1,]<-1 ## initial values

for(i in 1:split){
for( k in 2:maxit){

s.phi[k,i]<- rgamma(1, (n.t +a0)/2, (sum((y.obs[,i]- s.mean[k-1,i])^2)+b0)/2)
t2.1<- 1/(n.t*s.phi[k,i]+ 1/t2.0)
mu1<- t2.1*n.t*mean(y.obs[,i])*s.phi[k,i]
s.mean[k,i]<- rnorm(1, mu1,sqrt(t2.1))

}
}

## 3) Comparasion via cross-validation

output1<- silver.BayesCV(y.v, model="poisson", parameters=list(lamb),
discrepancy= c("MS.Error", "Maximum"))

output2<- silver.BayesCV(y.v, model="gaussian",parameters= list(s.mean, 1/s.phi),
discrepancy=c("MS.Error", "Maximum"))

summary(output1) ### poisson model
summary(output2) ### gaussian model

split.sample Split Vectors Sample

Description

It creates a partition in the data set into a training and validation sample from splits vectors (0-1) for
cross-validation.

Usage

split.sample(y, split,tsize, vsize)

Arguments

y vector of observed values.

split amount of split vectors used.

tsize training sample size.

vsize validation sample size.

90



split.sample 9

Details

The function split.sample performs the split s is a 0-1 vector which divides the n cases into a
training sample and a validation sample.

If tsize and vsize are not specified they assume the default value for vsize being 10% of the total
sample size (length of y).

In particular, p(s) is taken to be the uniform distribution over such splits. That is, if the ones and
zeros in s indicate training and validation cases respectively, then

p(s) =

(
n

nt

)−1
,

n∑

k=1

sk = nT ,

where nT is the training sample size and n is the total sample.

Value

It seems sensible to fix the sizes of the training and validation samples at say tsize and vsize
respectively, where tsize + vsize represents the total sample size.

The amount of split vectors is determined by split.

Author(s)

The design was inspired by the cross-validation for Bayesian models of the same name described
in Alqallaf, F. and Gustafson, P. (2001). The implementation of estimator by Viviana G R Lobo,
<<viviana@dme.ufrj.br>>, Thais C O Fonseca and Fernando A S Moura.

References

Alqallaf, F. and Gustafson, P. (2001) On cross-validation of Bayesian models. The Canadian Journal
of Statistics, 29, 333-340.

Examples

y <- rnorm(40, 5, sqrt(2)) ## generated values from gaussian distribution
n <- length(y) ### sample size
n.v <- 5 ### validation size
n.t <- n - n.v ## training size
split <- 20 ## amount of split vector

#### choose split vectors
split.sample(y, split, n.t,n.v)

### default
split.sample(y, split)
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∗Topic cross-validation
silver.BayesCV, 5

bronze.BayesCV, 1, 6

silver.BayesCV, 2, 3, 5
split.sample, 2, 3, 5, 6, 8
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