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Metastability for the contact process with two species and priority.
Mariela Pentén Machado.
Orientadora: Maria Eulalia Vares.

O processo de contato um processo estocstico que pode ser interpretado como a evoluo
temporal de uma certa populao. Neste trabalho estudamos uma variante do processo de
contato clssico onde temos dois tipos de indivduos na populao, os indivduos de tipo 1 e
os de tipo 2. Para este caso provamos que o modelo apresenta metaestabilidade. Um
sistema considerado em uma situao metaestvel si se comporta como uma distribuio de
falso equilbrio durante um tempo grande at que de forma abrupta alcana o verdadeiro
equilbrio. Na abordagem utilizada para obter a metaestabilidade so principais os conceitos
de renormalizao e conhecimentos de percolao orientada.
Palavras chaves: Processo de contato, percolao.



Metastability for the contact process with two species and priority.
Mariela Pentén Machado.
Advisor: Maria Eulalia Vares.

The contact process is a stochastic process that can be interpreted as the time evolution
of a certain population. This process was given by Ted Harris in 1974. In this work, we
study a variation of the classic contact where there are two types of individuals, individuals
of type 1 and individuals of type 2. In this case, we prove that this process presents the
metastability phenomenon. A system is considered in a metastable situation if it behaves
as in a false equilibrium distribution for a random long time until abruptly it gets the true
equilibrium. In the approach to obtain the metastability for this process we use of concept
of renormalization and results of oriented percolation.
Keywords: Contact process, percolation.
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Introduction

The phenomenon of metastability has been widely study in physics and mathematics.
A system is considered in a metastable situation if it behaves as in a false equilibrium
distribution for a long random time until abruptly it gets to the true equilibrium. Classical
examples of this phenomenon include the behavior of supercooled vapours and liquids,
and supersaturated vapours and solutions. For a detailed discussion on metastability in
stochastic processes and references, see the monographs [4] and [17].

A specific stochastic process that fits into this situation is the contact process, introduced
by Harris in [I1]. It is a simple model for the spread of an infection, where individuals are
identified with the vertices of a given graph which we may take as Z%. In this model every
infected individual can propagate the infection to some neighbor at rate A and it becomes
healthy at rate 1. The contact process can also be interpreted as the time evolution of
a certain population, where a site is now “occupied” (in correspondence to “infected”) or
“empty” (in correspondence to“healthy”).

An important characteristic of the Harris contact process is that it presents a dynamical
phase transition, namely: there exists a critical value A, for the infection rate such that if A
is larger than A, there is a non trivial invariant measure p different from ég3. On the other
hand, when the process is restricted to a finite volume it is a finite Markov chain and dy
is the only equilibrium state. Nevertheless, for suitable initial conditions, the restriction of
the non-trivial invariant measure p to this finite volume behaves as a metastable state as
described above. This was first proved in [5] for the one-dimensional case and A sufficiently
large. In this paper, the authors introduced a pathwise point of view for the study of
metastability in stochastic dynamics. That is, they proposed to describe the dynamical
phenomenon of metastability through the convergence of suitably rescaled transition time

to an exponential distribution and with a stabilization of suitably rescaled time averages



along the evolution around a non equilibrium distribution. This last convergence is named
thermalization property. The results in [5] were extended in [I8] to the whole supercritical
region. A different proof of the asymptotic exponential time was proved in [9], which also
describes the asymptotic behavior of the logarithm of the time of extinction. These last
results were extended for dimension d > 2 in [I4] and [I5], respectively. The thermalization
property for the contact process in dimension d > 2 was proved in [19].

There are some examples of processes inspired by the contact process that try to describe
what happens if the population is not homogeneous, in the sense that some individuals have
different characteristics. An example is the process introduced in [I0] in which every site
in Z can be occupied by particles of type 1 or 2, but the particles of type 1 have priority
throughout the environment.

The aim of this work is the study of a metastable phenomenon for a stochastic process
that can be interpreted as the time evolution of a population, which has two different species
and each of them has a favorable region in the environment. In the process we present, the
priority is no longer spatially homogeneous. Specifically, we will consider Z and a layer of
72 as the environments, which will be denoted by S, and we choose a partition (R, Ra) of
the environment, such that the particles of type 1 have priority in Ry and the particles of
type 2 in Rao.

The process we are interested is a continuous time Markov process with state space
{0,1,2}° and we denote it by {(;}¢. If the site 2 is occupied at time ¢ by a particle of type i
(i=1,2) we set (;(z) = i, and if the site x is empty at time t we set (¢(x) = 0. We denote the
flips rates at 2 in a configuration ¢ € {0, 1,2} by c(z, ¢, -) and we define them as follows

C(.ZL',C,I—)O):C([B,C,Q—)O):L

c(,¢0=i) =X 3 dgypi=1,2,
y: 0<|z—y|<R

0(1', Ca 2= 1) =A Z 1C(y)=11{x€R1}7
y: 0<|z—y|<R

C(:L’, ¢G1l— 2) =A Z ]lg(y):l]l{xépe}a
y: 0<]z—y|<R
where R is a scalar larger than 1, it is known as the range of the process. During the
thesis we refer to the process with those flips rates as the contact process with two types of
particles and priority.

We prove that the process, when beginning with full occupancy of particles of type 1 in



Ry and particles of type 2 in Ry, presents the metastable phenomenon. More precisely if
the dynamics is restricted to a finite box with dimensions depending on N, the time when
one of the two families of particles becomes extinct, when properly rescaled, converges to
the exponential distribution as N tends to infinite. In the case that S = Z we also prove
a result which gives information on the asymptotic order of magnitude of this time (for
the limit in V). Together with known results, this implies the existence of two metastable
regimes for this process: one with both species and the standard one for the contact process.

This work is organized in four chapters. Chapter [I| contains five sections. In Section
1.1] we introduce the Harris graph and some notations for the contact process that will
be used during the work. In Section [I.2] we give a graphical definition of our process
when it is restricted to a spatial box. In Section [1.3] we recall some results on oriented
percolation that will be used in the next chapters. In Section [I.4] we review the definition
of Mountford-Sweet renormalization. Finally, in Section [1.5| we also review the definition
of Benzuidenhout-Grimmett renormalization.

In Chapter [2[ we shall examine the case when S = Z, R; = (—00,0], Ra = [1,00),
initial population 1(_ 0] +21[; o) and R > 1. In Section we define barriers in a finite
interval; this is a central tool in the development of the next sections. In Section we
present a result about the metastability for the contact process in dimension 1 with range
R > 1. In Section [2.3] we prove that the time when one of the two families becomes extinct
in the interval converges to an exponential distribution as the length of the interval tends
to infinite. In Section we prove the convergence in probability of the logarithm of this
time divided by the length of the interval to a positive constant.

In Chapter we consider S = [-L,L] x Z, R=1, Ry = [-L, L] X (—00,0] and Ry =
[—L, L] x[1, 00) and initial population 1{_r, 1]x (—s0,01+21[L,1]x[1,00), Where L is an arbitrary
but fixed positive number. In Section [3.I] we define an extension of Mountford-Sweet
renormalization for the layer. In Section we prove that the contact process with two
types of particles and priority in the layer presents a metastable behavior.

Chapter M| has three sections. In Section [4.2] we prove that for the process treated in
Chapter [2| there exists an invariant measure that gives total measure to the configurations
with infinity particles of type 1 and infinity particles of type 2. In Section [4.3| we choose
S =17, Ry = (—00,0], Ry = [1,00), initial population 21 (_ o) + If10) and R = 1. For
this case we prove that in an interval of length N the time when one of the species win

the competition is at most linear on N. This time is pretty small in contrast with the



equivalent time when each species begins in their favorable regions.



Chapter 1

Preliminaries

1.1 Contact Process

In this section, we recall the Harris construction introduced in [I1]. Using this construc-
tion, we define the classic contact process.
In order to define the contact process with range R, we consider a collection of inde-

pendent Poisson processes on [0, 00)

P* with rate 1,
{ }xEZd (1.1'1)

{Pl‘_)y}{%yezd: 0<|z—y|<R} with rate A,

where R € N. Graphically, we identify the realization of the process P* at a point
(z,t) € Z% x [0,+00), with a cross mark, and a realization of the process P*7Y at the
same point with an arrow following the direction = to y. We denote by H a realization of
all Poisson processes, this is a Harris construction (see Figure . Whenever we refer to
the probability of events involving the contact process, we implicitly assume that P is a
probability under which H has the law defined above; sometimes, we write [Py to be explicit
about the value of the infection rate. Given (z,t) € Z% x [0,00) we define O, ;) (H) as the

shifting of the Harris construction H, where (z,t) becomes the origin.
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Figure 1.1: An example of a Harris construction for R > 1.

A path on H is an oriented path following the positive direction of time ¢ which passes
along the arrows in the direction of them but does not pass through any cross mark. More
precisely, we denote (x,s) — (y,t), with 0 < s < ¢, if there exists a cadlag v : [s,t] — Z¢
such that:

° ry(s) = x”y(t) =Y,
o Y(z) #7v(z—) only if z € pr(z=)=(2)
o Vz€([st],z¢ P10

For A and B subsets of Z¢ and 0 < s < t we say that A x {s} is connected with B x {t} if
there are z € A and y € B such that (x,s) — (y,t), and we denote by A x {s} — B x {t}.
To simplify the notation, throughout all the work for every spatial set I C R? we identify
INZ% Also, we identify every configuration 5 € {0, 1}%" with the subset {z € Z¢ : n(z) =
1}.
Given a Harris construction and a subset A of Z% we can define the contact process

beginning at time s, with initial configuration A as follows
(8)§A(t) = {z: exists y € A such that (y,s) — (z,t)}, (1.1.2)

in the case s = 0 we omit the underscript (0). We also define the time of extinction as

follows
T4 =inf{t > 0: & = 0}. (1.1.3)



Let A and C be subsets of Z¢ such that A C C, we define the contact process restricted to

C with initial configuration A as
£A(t) = {x : exists y € A such that (y,0) — (z,t) inside C}. (1.1.4)

In the special case that C' = [1, N]¢ we use the notation &4 (¢). For this process, we define

the time of extinction as follows
T =inf{t > 0: £5(t) = 0}. (1.1.5)

Special notation: ¢'(t) for initial configuration Z%; £*(t) and T*® for initial configuration
{z}; €%(t) , Tk for initial configuration full occupancy in [1, N]¢, £%(t), T% for initial
configuration {z}.

For a time ¢ and a set A, we define the dual contact process at time s € [0,¢], with

initial configuration A as
E4(s) = {z : exists y € A such that (z,t —s) — (y,1)}. (1.1.6)

We observe that the process {EA’t(s)}ogsgt has the same law as the contact process until
time ¢ with initial configuration A.

As we mentioned in the introduction, the contact process presents a phase transition
with respect to the rate of infection A: there exists a critical parameter A\. = A.(d, R)
defined as follows

Ae = inf{\ : P5(T° = 00) > 0}.

For all A > A, all invariant measure of the contact process is a convex combination of dy
and a non trivial measure py. During all our work we are considering A > A..
For the contact process in dimension 1 and finite range with initial configuration (—oc, 0],

we denote the rightmost infected particle by
Tt(—oo,O] = max{z : £0U(¢)(z) = 1} (1.1.7)
and the leftmost infected particle connected with [0, 00) at time ¢ as

11°°) = min{x : £0°°) () (z) = 1}. (1.1.8)



(

By the symmetry of the Harris construction, we have that thoo,O] has the same law as
—ZEO’OO) for all t. In [12] is proved that for R = 1 there exists a > 0 such that

7’75_0070]

— «a almost surely. (1.1.9)
t t—o0

This result is obtained using the Subadditive Ergodic Theorem and monotonicity arguments
that can be adapted for the case R > 1.
From the Harris construction we observe that if A C B then & C &P for all t. This

property is called attractiveness.

1.2 Graphical construction of the contact process with two

types of particles and priority

In this section we give a graphical construction of the contact process with two types
of particles and priority. This graphical definition uses the Harris construction and gives a
natural coupling with the usual contact process.

Let A and B be two disjoint subsets of [~ N +1, N|?, we denote by {CtA’B’N}t the contact
process restricted to the set [-N + 1, N ]d with two types of particles, initial configuration
14 + 21p and the particles of type 1 having priority in [-N + 1, N]%! x [N + 1,0]
and the type 2 in [-N + 1, N]?~! x [1,N]. In this case, it is simple to state the defini-
tion of the process in terms of a Harris construction, since we are dealing with a cadlag
stochastic process with jumps only in the times of the Poisson processes {P*},c(_n41 5 OT

{PY7 %}y 2e[-N+1,N)%: 0<|e—y|<R}- Let t be one of those times, two scenarios are possible:
(1) t € P* for some z. In this case, x is empty at this time (Cf’B’N(:L') =0);
(2) t € PY7* for some x and y. If = is occupied by a particle of type i (i = 1,2)

and x is in the region of priority of this kind of particles, then nothing changes at

x. Out of this situation, z become occupied by the type of particle that is in y
A,B.N A,B,N
(G () =¢ (Y))-

We are interested in the study of the time when one of the families became extinct and we

denote this time by Tjé’B. More precisely

T]‘\L‘,’B = inf{¢: Cf’B’N(:U) #1Vzx, or QA’B’N(x) #2Vx}. (1.2.1)



Special notation: Ctl’2’N

and T]{[’2, for initial configuration 1j_yiq Nja-1x[—n+1,00 T
21 N1, N1 x[1,N]-

Remark 1.1. Since the classic contact process and the contact process with two types of
particles and priority are defined using the same Harris construction H, both processes are

defined in the same probability space. This coupling will be used in all the work.

The next lemma follows from the definition of the process and it is very useful for
proving a property called regeneration that will be explored in Section The lemma
states that if at time t a site x is occupied by a particle of type 1 (2), there exists a path
of particles of type 1 (2) connecting the initial configuration with (z,t).

Lemma 1.1. Let A and B be disjoint subsets of [-N + 1, N]%. Given the construction of
the contact process with two types of particles and initial configuration (?’B’N =14+21p,

we have that

CtA’B’N(:E) = 1< There exists a path v connecting A with (z,t)
such that (BN (y(s)) =1, foralls, 0< s <t,

where x € [N + 1, N]¢ and t > 0.

Proof. (<) It is clear.

(=) For a given realization of the Harris construction, let m be the number of the marks
of the Poisson processes { P*},c—n41,n5] and {P*7Y} e, e[ N41,N]): 0<|z—y|<r} that appear
before time t. Let ¢; be the time of the i-th mark, and set to = 0 and ¢,,11 = t. We will
prove the statement by induction in ¢, 0 < ¢ < m + 1. For time tg = 0 it is trivial. Now,
suppose the statement holds for ¢; and take y such that Ct‘? fN(y) = 1. We must find a path
B connecting A x {0} with (y,t;11) with the desired properties. There are two possibilities:

1. C;?f’N(y) = CS’B’N(y). In this case, by induction hypothesis there is v connecting

A x {0} with (y, ;) satisfying CSA’B’N(v(s)) =1, 0<s <t Define

B(S):{'y(s) 0<s<ty,

y ot < s <t

ABN () £ C{?’B’N(y). In this case, there is an integer k € [—R, R] \ {0} such that

tit1
t; € PYtF=Y and CA’B’N(y) = C;?’B’N(y + k). By induction hypothesis, there is v

tit1

9



connecting A x {0} with (y + k,t;) satisfying ¢z"%V(v(s)) =1, 0 < s < t;, and we

define
v(s) 0<s<t
B(S): y—l—k ti§8<ti+1
Y s =1it1.

In each case above the path [ satisfies
LENB(s) =1, 0< s <ty

Hence the proof of the lemma is now complete. O

1.3 Results on 1-dependent oriented percolation system with

small closure

In the next section we recall the definition of an oriented percolation system introduced
in [16] for the contact process in dimension 1 and range R > 1. This percolation system
is an important tool for our results to the contact process with two types of particles and
priority in dimension 1. Before the definition of this renormalization, we recall some notions
and results of oriented percolation that we will need later .

Consider A = {(m,n) € Zx ZT : m+niseven }, Q = {0,1}* and F the o-algebra
generated by the cylinder sets of . Given ¥ € Q, we say that two points (m, k), (m’, k') € A
with k < k' are connected by an open path (according to ¥) [I], if there exists a sequence

{(m,n;) }o<i<w—k such that
(mo,no) = (M, k), (myy—g,mar—g) = (MK, |[mipr —my| =1, ni=k+i,

with 0 <4 <k —k —1 and ¥(m;,n;) =1 for all i. If (m, k) and (m’, k") are connected by
an open path (according to ¥), we write (m, k) ~» (m/, k') (according to ¥).

Now, let A, B and C' be subsets of A. We say that A x {n} is connected with B x {n’}
inside C, if there are m € A and m’ € B such that (m,n) ~ (m/,n’) and all the edges of
the path are in C. In this case, we write A x {n} ~» B x {n'} inside C.

10



For (y,k) € A we denote the cluster beginning in (y, k) as follows
Cyk) = {(z,n) : such that n > k and (z,n) € A and (y, k) ~ (z,n)}.

Let C be a subset of 27, we denote the set of point connected at time n as

W¢ = {z: exists y € C such that (y,0) ~ (z,n)}. (1.3.1)
Also, we denote the rightmost particle connected with (—oo, 0] at time n as follows

7n = max{y : 3 m < 0, such that (m,0) ~ (y,n)}, (1.3.2)
and the rightmost particle connected with a point (x,0) € A by

Aot — max{y : (x,0) ~ (y,n)}. (1.3.3)

Given k > 1 and 6 > 0, (92, F, I@’) is a k-dependent oriented percolation system with
closure below ¢, if for all r positive

P(¥(m;,n) =0,Vi 0 <i<r|{¥(m,s):(m,s) € A,0<s<n}) <,
with (m;,n) € A and |m; —m;| > 2k for all i # j and 1 < 4,5 <r (see [16], [1]).

Let U and ¥’ be two elements of €, we say that ¥ < U if U(m,n) < ¥'(m,n),
V(m,n) € A. Also, we say that a subset A of {0,1}" is increasing if ¥ € A and ¥ < ¥/,
then ¥’ € A. Let I@’l and ]f”g be two measures on F, we say that I@’l stochastically dominates
P, if P, (A) > 1@2(14) for all A increasing in F.

Let P, = [T, (pd1 + (1 — p)do) be the Bernoulli product measure on A. The next two

statements are proved in [12] (chapter IV) via the dual-countours methods

tim By(Clagy | = o) = 1, (1.3.4)
and for every /5 € (0,1)
limP,(3 n>1:7, < pn)=0. (1.3.5)
p—1

The next result follows also by the dual-contours methods of Durrett; for details see [6].

11



Lemma 1.2. For everyt there exist 0 < ¢, < 1 and 0 < py < 1 such that for all pg < p < 1:

e b Bo((@.0) = (u.1) inside [1,M]) > e,
y € [1, M], y+ M? even

for M large enough and n € [tM? 2tM?].

The following lemma is a consequence of Theorem 0.0 in [I3] and allows us to extend

Lemma [T.2] for the k-dependent percolation system with closure close to 0.

Lemma 1.3. Having fized k € N and 0 < p < 1, there exists 6 > 0 such that if (Q, F,P)
is a k-dependent oriented percolation system with closure below §, then P stochastically

dominates I@’p.
As a consequence of Lemma [1.2] we obtain the next corollary.

Corollary 1.1. For anyt > 0 and 0 < € < 1 there exists a constant ¢ > 0 such that if
on the interval [0,m] both A and C are subsets of 27 that intersect every interval of length

v/m, then for every 1-dependent oriented percolation closure smaller than € we have that
P(TC =0 on A) < e™V™,

for every n € [tm, 2tm] and sufficiently large m.

Proof. Let z; and y; be a pair of numbers such that z; € C, y; € A and z;,y; € [(i —

1)/m, i/m) for 1 < i < /m. Then

P(T¢ =0 on A) < P(Kigm{(ggi, 0) = (ys,t) inside [(i — 1)v/m,iv/m)})

<&

Y

where the last inequality is a consequence of Lemma [I.3] and Lemma [T.2] O

1.4 Mountford-Sweet renormalization

The contact process in dimension 1 and range R = 1 has a characteristic that is very

useful to the study of this process. In this case, infection paths only make jumps of size

12



one, therefore two paths cannot cross without intersecting. We refer to this as the paths
crossing property. The contact process in dimension 1 and range R > 1 does not have this
nature. A k-dependent percolation system ¥ with small closure is introduced in [16] and
was used in [16] and [I] to avoid this problem. In Section we present another use of
this percolation system. Now we define W.

Let N and K be to positive integers. Given m € Z and n € Z* such that m +n is even,

we define the following sets

(m,n) m
NE mN mN P
We call the set
N,K N.K N,K
I(m,n) U J(m,n) U I(m,n—l—l)

the renormalized box corresponding to (m,n), or just the box (m,n).
For a realization H of the Harris construction, we construct a map V(H) : A — {0,1}

as follows: we set W(H)(m,n) = 1 if the four conditions below are satisfied

For each interval I C In]\:{—l U In]gﬂ of length V' N,

1.4.1

it holds I N g}v(n " £ 0; ( )

Ifx eIl | UZN,, and €L x {KNn} — (z, KN(n+1)), 142)
then (& o x {KNn})NI" = (2, KN(n+1)); o

If x € J(JX;I;L() and f}(Nn x {KNn} — (z,s), (1.43)
then (€& o x {KNn}) N IT0 — (x,9); a

13



{ :z:GZ:Hs,t,KNn§s<t§KN(n+1), }

y € I,],A\Ll UIm]\A’+1 such that (z,s) — (y,t)

. . (1.4.4)
N .~ mN -

c [mQ —2aKN, mT + zaKN] .

Otherwise, we set W(#H)(m,n) = 0.

2R

|

Figure 1.2: Mountford-Sweet renormalized site.

Several remarks are in order. First, equation implies that there are many sites
on the base of the boxes (m — 1,n) and (m + 1,n) which are connected in the Harris
construction with Z x {0}. Second, equation (|1.4.2)) yields that if a site at the top of the
box (m,n) is connected in the Harris construction with Z x {0}, then it is connected with
th? lg)ase of the box (m,n). Third, equation guarantees that if a site in the rectangle
JNK

(m,n)

Finally, equation ([1.4.4)) implies that every path connecting a site in the box (m,n) with

is connected with Z x {0}, then it is connected with the base of the box (m,n).
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Z x {0} is inside the rectangle

N .« mN . NP
mTf%zKN,mT+2aKN x [KNn, KN(n + 1)].

The above rectangle is called the envelope of the box (m,n).
Additionally, we observe that the constant « in equation ((1.4.4) is as in (1.1.9)).
The following proposition, which was proved in [16], shows that we can construct ¥

with sufficiently small closure.

Proposition 1.1. There are k and K with the property that for any § > 0 there is Ny such
that ¥ is a k-dependent percolation system with closure under § for all N > NO.

Throughout this work we fix

*  and K as in Proposition

* po as in Lemma [1.2

* 6 =0(k,po) as in Lemma
* Ny = No(6, k, K) as in Proposition
* N > No.
Under the above conditions, we have that W is a k-dependent percolation system with

closure under ¢ and with law stochastically larger than I@’po.

1.5 Bezuidenhout-Grimmett renormalization

We dedicate this section to recall the Bezuidenhout-Grimmett renormalization intro-
duced in [3]. In Chapter 3| we present an extension of the Mountford-Sweet renormaliza-
tion for the layer [—L, L] x Z, for L fixed but arbitrary. For this extension we need the
construction presented in [3] for d = 2. The idea presented in [3] is, roughly speaking, the
construction of a renormalization in which a renormalized space-time block will be open if
there exists a seed (finite region fully occupied) on the first level of the block connected
inside the block to a translation of this seed in the last level of the block.
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The next proposition is a very similar version of Lemma (19) in [3]. The main difference
is that the version we present considers the seed as a rectangle with the same width than
the layer. In the future, this specific detail helps to create “barriers” for the contact process
in the layer. The concept of barriers is introduced in Section intuitively the barriers
stop the pass of particles of type 1 in the region favorable to type 2 and vice versa.

Let §_r,1)xz(t) be the contact process restricted to the layer [-L, L] x Z. We will work
with the supercritical case in the layer. That is, we consider the infection parameter A

larger than Ar, where
AL = inf{X\: PA( 1 13uz(t) # 0VE) > 0} (1.5.1)

Proposition 1.2. Let A\ > . Given § > 0, there exist integers r, K and T such that

Jy' € [9K,13K] and s € [22T,24T) such
Py that ([—L, L] x ([-r,r] +y) x {t} — (z,9) >1-96 (1.5.2)
Vz € (0,y') + [-L, L] x [—r,r] inside the region R™*

for ally € [-2K,2K] and t € [0,2T], where R™ is defined as follows

Kt Kt
Rt =< (z,y,t) :x € [-L,L],t €[0,24T),y € | -5K + —,5K + — | ¢ . (1.5.3)

2T 2T
In order to define the 1-dependent percolation system, which is the main question of
this section, we need more notation: denote R~ the reflection with respect to the axis ¢ of

R* and for (m,n) € A, denote R, ,, = R* + (0, m11K,22nT). We also set

R= U (RL,UR. ).
(m,n)eA ’ ’

For r, K, and T as in Proposition (1.2) we define a percolation system ® € {0,1}" as
follows: we set ®(0,0) = 1, for n > 0 we set ®(m,n) = 1 if the following two restrictions

are satisfied:

i) There exist y € [-2K +11mK, 2K +m11K] and s € [22T'n, 24Tn], such that [~ L, L] x
[—7 +y,r +y] x {s} is fully occupied;
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24T

2T/

—5K

Figure 1.3: Representation of the event inside the probability in (|1.5.2)).

I(a',y) € [-L, L] x (|-9K + 11mK, —13K + 11mK| U [9K + 11mK, 13K + 11mK))
ii) and s € [22T + 22nT, 24T + 22nT] such that, [—L, L] x [-r + y,r + y]
x{s} = (z,s) inside R}, ,UR,, Yz € [-L, L] x [-r+y',r+y],

we set ®(m,n) = 0 otherwise. Restriction (i) above says that there exists a translation
of [-L, L] x [-r +y,7 +y] x {s} in the top of R}f,,, UR,,,, such that every point in this
translation is connected inside R to [—L, L] X [—-r + y,r + y] x {s}.

By Proposition [I.2] we have that ® is a 1-dependent oriented percolation system with

closure under 6.
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Chapter 2

Metastability for the
one-dimensional contact process
with two types of particles and

priority

During this chapter we are dealing with the supercritical contact process in dimension
1 with range R > 1. We study the metastability phenomenon for the contact process with
two types of particles and priority. The first result on this matter is the convergence of 7'1’2,
properly rescaled, to an exponential distribution (recall the definition of 7'&,’2 in Section.

More precisely, we prove that
Theorem 2.1. Ford=1 and R > 1, let Bn be such that P(Tji,’g > Bn) =e L, then

7_1,2
lim ¥
N—oo 51\[

= F in distribution,

where E has exponential distribution with rate 1.

An important tool to obtain Theorem [2.1]is the concept of barriers introduced in Section
We will say that a point (x,0) in Z x R* is a barrier in [1, N] x {0} if every open site
in the interval at a fixed time, polynomial on N, is connected in the Harris graph to (z,0).

Using Mountford-Sweet renormalization we state that with positive probability a point in
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[1, N] x {0} is a barrier. Another ingredient for the proof of Theorem is the property
of regeneration of the contact process with range R > 1. This property is introduced in
[14] in a more difficult situation, the contact process in Z%. In this paper is proved that
the property of regeneration together with the attractiveness of the contact process implies
that the normalized time of extinction in a box converge to an exponential distribution.
In Section [2.3.1) we put together the regeneration for the contact process and the concept
of barriers to obtain regeneration for the contact process with two types of particles and
priority. Once we have regeneration for the process we are interested, Theorem follows
easy, although a little different than for the contact process, because in our case we do not
have the property of attractiveness.

The other important result of this chapter is the following

Theorem 2.2. For d =1 and R > 1, there exists a constant v > 0 depending only on the
rate of infection A and the range R such that

1
A}gnooﬁ log 711[’2 = v in probability .

In Section we also discuss the fact that the time of extinction for the contact process
in the interval [1, N] is logarithm equivalent to ¢V, with v as in Theorem Theorem
[2.2] implies that the time when one of the families became extinct in an interval of length
2N is logarithmically equivalent to e?. Then after 7']{,’2 the surviving family is alive in an

interval of length 2N for an exponential time.

2.1 Barriers in finite volume

In this section, we introduce an object that we call N-barrier. To motivate the construc-
tion of this object, we observe the following property of the contact process with R = 1:
Fix x in [1,N], D > 0 and t € [DN?% 2DN?]. Observe that by the path crossing property,

in the event

{(2,0) — (1,¢) inside [1, N]; (z,0) — (N, ¢) inside [1, N]},
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we have that £%(t) = (¢€1(t) N [1, N]). Corollary 1 in [16] establishes that for any D > 0,

there is a constant § such that
P((z,0) — (y,t) inside [1, N]) > 6,

given any z,y € [1, N], t € [DN?,2DN?] and sufficiently large N. By the F'K G-inequality
we have
P((z,0) — (1,t) inside [1, N]; (z,0) — (N, t) inside [1, N]) > 62,

which implies that there exists § = 62 such that

inf P(&%(t) = (£1(t) N [1,N]) > 7 > 0. (2.1.1)
z€[1,N]

The strong use of the path crossing property to obtain restricts this argument for
the case R = 1. We want to extend , or a similar equation, for the contact process
with range R > 1. To this aim, we introduce the definition of an N-barrier, which is similar
to the notion called descendancy barrier introduced in [I]. The main difference between
these two concepts is that the N-barrier is defined in an interval with length depending on
N, while the descendancy barrier is defined in the whole line. In this section, we establish

some properties of N-barriers and follows closely Section 2.2 of [1].
Let us denote M = M(N) = LWJ, this is the largest m such that the envelope
of (m,0) is a subset of [1, N] x [0,00) and we set S = S(N) = KNM? + 2. Now, we are

ready to introduce the definition of an N-barrier.

Definition 2.1. (a) Forx € [1, N] we say (x,0) is an N-barrier if for all y € [1, N| such
that Z x {0} — (y,S) then (x,0) — (y,S) inside [1, N].

(b) For x € [-N + 1,0] we say (x,0) is an N-barrier if for ally € [-N + 1,0] such that
Z x {0} — (y,S) then (z,0) — (y,S) inside [-N + 1,0].

(c) Forx € [-N+1, N] we say that a point (x,t) is an N-barrier if (x,0) is an N-barrier
m @(0715) (H).

We need to introduce some notation that will be used in the next result. Consider the

following partition of the interval [1, N]
[1,N] = A1 U Ay U Ag,
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where

NN N N MN N
A =1, —— = Ay=|———,—/—+—=
1 ) 2)7 2 27’ 9 + 2 |
. (2.1.2)
MN
Az3=|——+ N
3 ( 2 + 97 ]7
and . o
4aKN if M? + [4aKN] i
L= (V) = LaA AJ 1 —i—LozA Aj%seven, (2.1.3)
|4aKN|+1 if M2 + |4aKN| is odd.

Let x € As, in the next result we prove that in the intersection of the following 5 events,
E;i=1,...,5 (z,0) is an N-barrier. Take j such that x € IJN, we define

Ei= Ifyand z in Ij]\zl UIJJ-VUIJ]YFD y # zand (y,0) — (z,t) with ¢t < 1, then (z,0) — (z,t);
Ey= {P=n0,1] = 0};

By= {¥zeIN  UIN UTN,, (2,0) = (=, 1)};

Ey= {¥(01)(H)) € Tm(4)}-

By=

(1 (P77Yn(S—1,8=0; P*’"N(S—1,8]=0; P"N(S—1,5#0}

z,y€EA]UA3

where I'); is defined as follows
T (5) = {(4,0) ~ (1, M?) and (j,0) ~ (M, M?) inside A N (2, M] x [0, M?])} .

Figure can help you to visualize the event ﬂ?zlEi. The following proposition states
that for N large enough the probability of a (centrally located) point (x,0) to be an N-

barrier is uniformly bounded away from zero.

Proposition 2.1. There exists 1) = 7)(\) > 0 such that for all N large enough

P*((x,0) is an N-barrier) > 1, (2.1.4)

B

for any x € [_]\2“[ — %, _QN +

l\3‘2>
o=,

N_ N MN
}U[%_77T+
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|

(z,0)

Figure 2.1: Event F1 N FEyN E3 guarantees that every point in Ij]\i 1 UIJN UIJ]-\J[r1 is connected
with (z,0). Event E; implies that there are two renormalized paths connecting the box
(4,0) with the boxes (2, M?) and (M, M?). These renormalized paths are represented in
the figure with the connected structure Bjs (in red). Finally, the event Fs5 ensures that
there are no particles in the regions Ay x [S — 1, 5] and A3 x [S — 1, 5] and this event is
represented in the figure with two gray rectangles at the top.
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Proof. Observe that for N large enough %N <M< %N and IA(%NQ < S5< IA(%NQ.
Then for D = f(&, DN? < S <2DN? and ([2.1.4) we have (2.1)).
We now give a proof that works for all values of R. We concentrate in the case x € As.

For a configuration in Ej there exist sequences {my}o<ip<pr2 and {1y }o<p<ps2, subsets of
{1,..., M}, such that

mo=mo =73, Mmuy2=21 My =M,

and
U (O,1)(H))(mg, k) = and  |mp1—mp|=1V k €{0,...,M?},
V(O (H)) (e, k) =1 and |y — i =1V k €{0,...,M?}.
Denote
o KN KN KN KN
By = Ly Y Ty 9 L ey Y gy
0<k<M?2

From items (1.4.2]) and (1.4.3]) in the definition of Mountford-Sweet renormalization it
follows that in the trajectory of the contact process t +— £(t)(©0,1)(H)) every occupied site

in Bjs descends from Ix G ’0) By our choice of N and 2, we have that

A

mpN

C [1, N] for all k.

Therefore, the envelopes of the renormalized sites (mg, k) and (g, k) are subsets of [1, N| x
[0,00) for all k. Using of the Mountford Sweet renormalization, we have that every
occupied site in By is connected to [ ( 0) by a path entirely contained in [1, N| x [0, c0).
By is a connected union of M2 segments of length N with rectangles of width 2R and
height KN. In O(0,1)(H), at time KNM? = S —2 every occupied site in As is connected to
Z x{0} by a path that intersects the structure B M and remains in [1, N] x [0, c0) afterwards.

Since every point in By is connected with [ ( ’0) inside [1, N], we also can connect every

(.0) N inside [1, N] x [0, 00), in the construction O0,1)(H).
The intersection of the events E;, Es and E3 implies that every point in I]N x {1} is
connected with (x,0), in H. Since IJN x {1} is the basis of Igb];[, we have that for all y € Ay

such that Z x {0} — (y,5 — 1), (z,0) — (y, S — 1) inside [1, N].

point in As x {S — 2} with o
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Finally, for any realization in Ej there is no mark of death in the regions A; x [S —1, 5]
and Az x [S—1, 5], and also there is no infection mark going out or coming in these regions.
In particular, for any initial configuration at time S there is no particle alive in A; U As,
and during the interval of time [S — 1, S] there is no interaction with any exterior regions.
Therefore, every occupied site at time S is connected with Ay x {S — 1} inside As. Then
we can conclude that every occupied site in [1, N| at time S is connected with (z,0) inside
[1, N] and this is the definition of N-barrier.

Now we proceed to prove that the probability of ﬁ?zlEZ- is positive. It is trivial that
we can take p > 0 independent of N so that P(FE;) > p for i = 1,2,3. Since the event
U(O©(0,1)(H)) € Ta(j) depends on the Harris construction restricted to Z x [1,S — 1), it is
independent of all the marks in Z x [0, 1). Let us prove that the event ¥ (0 1y(H)) € T (j)
has positive probability.

Using the F'KG-inequality and Lemma we have that for all M large enough

~

Py ((5,0) ~ (2, M?) and (j,0) ~» (M — 1, M?) inside [2, M]) > e1%
By our selection of ¥, the law of W is stochastically larger than I@’po, then
P(¥(Oq1)(H)) € Ta()) > €.

On the other hand, the event F5 depends on marks in the region Z x [S — 1, S]. Note that
this event has probability
o~
2

1 — ¢~ (RA1) B
P(Es) = RA+1

NP

1 — e~ (RA+1) N,@,%
TRAEL : (2.15)
MN

Therefore, since N — #5~ — % < 2aKN — %, we conclude that P(E5) has a positive lower
bound, say 3, that does not depend on N. Thus, by the Markov property, (2.1.4]) holds for
i = Pe2B.

Finally, for x € [

_]\2/‘[ N %, —12]\7 + %} the proof is analogous by the symmetry of Harris

graph. O
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2.2 Regeneration for the contact process

This section deals with the “regeneration” property of the contact process with range
R > 1 restricted to the interval [1, N] for large N. For any initial configuration, in a set
of probability close to one, if the process survives until a certain time ap then the infected
sites are the same as if the process had started with full occupancy. In addition, ay is
negligeable compared with the extinction time. The notion of regeneration was introduced

in [I4] for the contact process in dimension d > 2.
Proposition 2.2. There exist sequences any and by that satisfy

1) lim inf  P(¢L(an) = Y (ay) or Ty < an =1,
(@) Jim it P(eh(on) = 6o )

(i) 25 — oo,
(i) A}i_r)rloolP)(TfV <by) =0.
Remark 2.1. In the sequel we take ay = (KNM? + 3)N and by = e2 V.

We restrict the proof of this proposition to the case R > 1. For the nearest neighbour

contact process the idea is the same just replacing the use of the object N-barrier by the

property mentioned in (2.1.1)).

Proof of Proposition[2.9. We start by proving item (7). Fix N large enough as in Propo-
sition and remember the definition of M = M(N), S = S(N) before Definition
1 =1(N) in (2.1.3)) and the interval As in (2.1.2)). For i € N, we define

Bi={3xz € Ay: {f\? (si—1 +1)(x) =1 and (z,s;—1 + 1) is N-barrier},
where s; = (S + 1)i and sgp = 0. Observe that by the Markov property

P(3 z € Ay such that (s, 1 + 1)(x) = 1T > s;_1) > n[lln}wm(y,()) — Ay x {1}).
yell,

By the definition of Ay and 7, the left extreme of the interval Ay is at most (|[4aKN| +
1)N /2 — N/2 implies that we can choose 77 > 0 that does not depend on N such that

. ..
yg[lll’r]lv}]P’((y,O) — A x {1}) > 17
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Using Markov property and Proposition 2.1] we obtain
P(B|TSY > si-1) > .

Note that B; involves information between the times s;_1 + 1 and s;. Hence, setting ay =
(S + 1)N by the Markov property we have

P( 0 B N{TY > an}) < (1—in)". (2.2.1)
Item (i) will follow by (2.2.1) and the following inclusion

U BiU{TR < an} € {Eh(an) = £ (an)} U{TR < an}.

To obtain this inclusion is enough to prove

U Bin{TR > an} € {Ex(an) = €0 (an)}- (2.2:2)
i<N

Fix a realization in the left member of (2.2.2)) and take ¢ such that 5]5\(; () =1and (z,s;—1+1)

is an IN-barrier, then we have by the definition of N-barrier
Vy € [1, N] such that Z x {s;—1+1} — (y, s;) then (x,s,_1+1) — (y, s;) inside [1, N],

which establishes ([2.2.2]).

For the item (4i7) we use the next result: there exists v € (0, 00) such that
.1 1 . .
lim — log T3 = v in probability. (2.2.3)
N—oo N

We discuss this result in the following remark. By (2.2.3) we can take by = e2” for item

(7i7). Ttem (i7) is immediate from the selection of ay and by.

O
Remark 2.2. For the nearest neighbor scenario it was shown in [§] that for any € > 0
lim P (— log T >+ 0 (2.2.4)
im —lo = 2.
N—o00 N &8IN TTe ’
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and in [9] it was proved the other bound

N—oo

1
lim P <N log T < v — e> =0. (2.2.5)

These results imply (2.2.3) for R = 1. Both statements use the fact that there exists ¢ > 0
such that for allt >0
P(t < TN < 00) < 7%, (2.2.6)

proved in [7]. Formula (2.2.6) is obtained by the Peierls contour arqgument. When R > 1,
we can still use the same argument to obtain (2.2.6)) except that the renormalization used in

the previous case is replaced by the Mountford-Sweet renormalization. All the other steps
in the proof of (2.2.4)) and (2.2.5)) for the case nearest neighbor are also valid when R > 1.

Having proven the regeneration property, we get, just as in Proposition 1.2 of [14], the

following extension of the asymptotic exponentiality, valid for the case R > 1.

Corollary 2.1.
T
lim 7
N—o00 E(TN)

= FE in distribution,

where E has exponential distribution with rate 1.

2.3 DMetastability for the contact process with two types of
particles and priority

In this section, we prove Theorem We start by proving a proposition which estab-

lishes that if the time of the first extinction is larger than asy (an as in Proposition [2.2)),

then there exists a time smaller than aon such that at least one particle of type 2 is in

[1, N], the region in which the particles 2 have priority.
Given (g € {0,1,2}%, k > 1 and N, define the following stopping times

S0 = inf{t > (k— agn : Jy € [1, N], ¢V (y) = 2}

and
S = inf{t > (k— Dagy : Iz € [-N + 1,0, ¢V (z) = 1}.
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Note that, by the symmetry in Harris construction, 5‘,50 and Sgo have the same distribution.

Hence, we state the following result for SCO, but it is also valid for 5’,50
Proposition 2.3. Let C = {¢y € {0,1,2}["N+LN 2 3 2y Go(x) = 1,¢0(y) = 2}. Then

there exists ¢, 0 < ¢ < 1, such that

sup P( > Nagn; 3k 1<k<N: SCO > kaoy) < N2V, (2.3.1)
o€l

for all N large enough.

Proof of Proposition[2.3. By the Markov property for k > 2 we have that

IP(T]%? > NGQN;SEO > k‘CLQN> < ZP(T]CV > agN;Sf > CLQN) (C(C’g ]\1[ Yaon é)
éec

< sup P( 0> a2nN, SC > CLQN)
¢o€C

Thus, to obtain ([2.3.1)) it is enough to prove

sup ]P’(TN > agN,SCO > agy) < AN, (2.3.2)
¢oeC

for some ¢, 0 < c < 1.

Only during this proposition we abuse notation and denote & by the contact process
restricted to the interval [-N + 1, N|. By the translation invariance in the law of Harris
construction, both processes have the same distribution.

Take (p € C and set B = B((p) = {z : (o(x) = 1}. We claim that

{8 > aan; ST° > aan; €y (aan) = Ey (azn)} = 0. (2.3.3)
This claim implies that
{TN > a2N; SCO >agn} C {TZN > a2N,§2N(a2N) + §2N(G2N)} (2.3.4)

and hence ([2.3.2]) is a consequence of formulas and (| -
To prove ([2.3.3)), it is enough to show that every reahzatlon in {Sfo > agn; €Dy (aan) =
521N(a2N)} is in {Tﬁ? < agn}. Take x € fQIN(agN) and let v be a path connecting B x {0}
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with (x,agn). For v we define s* by
s* = inf{t : 0 <t < azw, Gr () ((¢) = 2},

with the usual convention that inf{(}} = oc.

Suppose that s* < oo. Since 51Co > asy and C§9’2N(7(3*)) = 2, we conclude that
v(s*) € [-N + 1,0]. However, by the definition of s*, tCO’zN('y(t)) =1 for all ¢ < s*, which
implies that + restricted to [0, s*] is a path of particles 1 that infects the site y(s*) at time

*

s*. Since the particles of type 1 have priority in [-N + 1,0], we get (§3’2N('y(s*)) = 1.

This is a contradiction and we conclude that s* = co, which means CEO’QN(V(t)) =1 for all

0 <t < agy. Therefore, ng}gN(:n) =1 for all x € &y (azn).

O]

2.3.1 Regeneration for the contact process with two types of particles
and priority

We are ready to state the regeneration phenomenon for the process {(tl ’2’N}. The main
idea is to prove that if the two families of particles survive for a suitable time (polynomial
in N), outside an event with exponentially small probability we can find two barriers one
in [N +1,0] and the other in [1, N], each of them infected by the type of particle that has
priority in the respective region. Basically, we combine the idea of the proof of Proposition
with the result in Proposition [2.3] to obtain the following:

Proposition 2.4. There are sequences cy and dy that satisfy

(i) Jéi_lpoociollefcp(Ccl,(,Q’N = CCI({,’N or Tf\}) <ecn)=1;

TR 1,2
iii) lim P(1y” < dn) =0,
—00
where C has been defined in Proposition [2.3.

Proof. Observe that 7'&,’2 is stochastically larger than the minimum of two independent
variables with the same law as T. Hence, taking dy as by of Proposition item (7i7) is

immediate.
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For the proof of item (i), we take N large enough as in Proposition and remember
the definitions of M = M(N), S = S(N) before Definition 1 =1(N) in (2.1.3) and the
interval As in (2.1.2). We also denote Ay = { ]‘2/‘[N g, _;N N]. For k € {1,...,N}, let
s = k2N asy,

N,k —

AG _{ayk€A27zk€A4 G ) = 2,68 (e ):L}

and (yg, Sk), (2, sk), are N-barriers

and 2 N 1,2,N
Av =) Tk A2 2 e Ag GEN (k) = 2,67 (3) =1,
Nk and (U, k), (2k, sk) are N-barriers '

To obtain item (i), we prove the following inclusion

N
{T]C\? >2N2a2N;T]b’2>2N2a2N}ﬂ UAg\([],kmAN,kC (235)
kzl . .

¢o 2 12 2 . ~Co,N 1,2,N
{TN > 2N 2N Ty > 2N a2N’<2N2a2N <2N2a2N}'

Fix a realization in {Tf\? > 2N2%asN: 7'&,’2 > 2N2%asn} N Ag\‘}k N An. By the definition of
N-barrier, the points (yg, Sk), (U, Sk), (2K, Sk) and (2, sx) satisfy:

If y € [1,N] and Z x {sx} — (y,sr +S), then (y, sx) — (y, 5% + S) inside [1, N] and
(Uk, sk) — (y, sk +S) inside [1, N].

If z€ [-N+1,0l and Z x {sx} — (2,5, +5), then (zx, sx) — (2, sp +5) inside [1, N]
and (2, sk) — (2, s+ 5) inside [N + 1,0].

From the argument above for this realization, we conclude that

, 1,2,N .
C§2+s Coods = 25[1—N+1,N}(Sk +5) in [1, N]
and
N 1,2,N _
C§2+S =C¥s = f[l—N+1,N](5k +8) in [-N +1,0],

consequently CS%Q\LQN C21 ]\?QN , which proves ([2.3.5)).
To finish the proof of item (i) we choose cy = 2N2asy and show that there exists
0 < v < 1 such that
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N
P ({T]C\? > 2N2a2N;T;/2 > 2N2a2N} n m (AJC\C;JC N AN’]C)C> < VN (236)
k=1

for all {y € C. Observe that

N
P <{’7’1§? > 2N2a2N;’T]{,’2 > 2N2a2N} N ﬂ (A%,k n ANJC)C> <
k=1

N 05
4SUPIP ({T]%J > 2N2a2N} M m { vy € A2 Cgk N(y) 7£ 2 or (yask) }) 7

¢oecC 1 is not an N-barrier

(2.3.7)

which easily follows after opening the complement in the event on the left member and
using the symmetry of the Harris construction. Now, by Proposition [2.3] we have

N
Vy € Ap (50N 2 N
Sup]P’ <{TJ§;) > QNQCLQN} N ﬂ { Yy € Aa Csk (y) 7é or (yvsk) }) < ?CN_'_

¢o€eC is not an N-barrier

o . o (2.3.8)
S50 < sp — % As (S 2
sup P {Tf\;’ > 2N%asn ) N m QkNZIN_ Sk~ GaN VY € 2 ) # ) .
Y vy |oor G207 (y) =2 and (y, s) is not an N-barrier

Then, it is enough to prove that the last term in the inequality above is exponentially small
in N. To show this, we first observe that the last term in (2.3.8]) is smaller than

N
sup P ({Tﬁ}) > 2N2asn} N ﬂ {ngN_l < sk —aan; Yy € Ar Cg,fN(y) # 2})

GoeC k=1

N
= A, (S0 N —9
+SupIF’<{T§? > 2N2%agn} N ﬂ{ ( y € Ax (0™ (y) =2 but })

¢o€C o1 Y, Si) is not an N-barrier

(2.3.9)

Thus, we need only to obtain upper bounds for the members on the right side of (2.3.9)).
Let us start by the first term. Define

Dp={r: (" () =201 N]

and the event

Cr = {{Dy} x {85051} = Ag x {S505_ | + 2aan} inside [1, N]}.
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By the priority of particles of type 2 in [1, N] we have that

N
(79 > 2N%agn} N ﬂ {SggN_l < sp—agn; Yy € Ay (0N (y) # 2}
k=1
N

C {78 > 2N%ayn} N m{5§%N4 < sp — aan; C -
k=1

In the following claim we prove that the conditional probabilities of the events C} given

5’§ka1 < 8 — aon are smaller than a positive number j3.

Claim 2.1. There exists § > 0 such that for all N large enough
P(C{IS5n—1 < sk — azn) > B.
Proof of Claim[21. Fix & € {0,1}[%N and & # 0, then we have

P(£39(2aan) N Az # 0) = P(TSY > 2aan; 30 (2aan) N Ag # 0)

; . . (2.3.10)
= P(T]\? > 2&2]\/) - P(T]\? > 2(12]\/;5]\?(2&2]\[) NA; = @)

Using a Peirels contour argument for the k-dependent system with small closure ¥ defined
in Section [2.1] it is possible to prove that there exist § > 0 and a sequence fy linear in N
such that
inf P(T% > efN) > 28,
z€[1,N] ( N = ) B
for N large enough. Since agy is of order N3, the formula above implies that

P(TY > 2aqn) > 2. (2.3.11)

Now, we prove that the last term in (2.3.10]) goes to zero when N goes to infinity. Formulas
(2.2.1) and (2.2.2)) imply that there exists 0 < ¢ < 1 such that

P(TR > 2a2n; €5 (2aan) N Az = 0) < N + P63, Az = 0). (2.3.12)
By the duality of the contact process we have
P(Ex (2aan) N Ag # B) = P(E¢ (2a2n) # D).
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Observe that the length of A, is at least Iy = N — 2a kKN — {40JA(NJ — 1, then, we obtain

P(£N (2azn) N Az = 0) = P(63* (2a2n) = 0) < P(&], (2a2n) = ).
From item (7i7) of Proposition and the fact that [y is linear in N, it follows that

A}i_r)nOOIP)(ﬁllN(QagN) =0) = lim P(T}}, <2ay) =0.

N—oo

Thus, for N large enough we have
P(TS > 2a9n; €9 (2aan) N Ay = 0) < B.
By and we obtain
P(¢R)(2a2n) M As # 0) > B,

for all &, € {0, 1}[1’]\”, & # (0. By the Strong Markov property, we have the desired bound.
O

Now we return to the first term in (2.3.9). Since ngN_l is larger than 2(kN — 2)aay,
given the information until this time, the event {Sg% N_1 < sk —agn; C} involves informa-
tion between the times (2kN — 2)asy and (2(k + 1)N — 2)agy. Therefore, by the Strong

Markov property and Claim we conclude that

N
P({Tﬁ? > 2N2CL2N} n ﬂ{SgiN_l < s — agN} n Ck) < BN (2.3.13)
k=1

for every ¢ € C.
We now analyze the second term in the right member of (2.3.9)). From the fact that S
is of order N? and asy is of order N3, we get that for N large enough

S — 2a9N = (2]€N — 2)(12]\7 <sp+S5< (2(]{7 + 1)N — 2)&2]\[ = Sk+1 — Q2N-

From these calculations, we have that the k-th event in the intersection inside the probability

involves information in the interval of time [sp — aon, Sk+1 — aan]. Hence, the Markov
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property and Proposition imply that this probability is less than (1 — ). Thus,
putting together this last comment with (2.3.7), (2.3.8)), (2.3.9), (2.3.13)) and selecting N
large enough such that

4 <]2VCN +8N +(1 - ﬁ)N> < (2max{c, 3,1 —7})",

we obtain (2.3.6) for v = 2max{c, 5,1 — 7}. Item (i7) is immediate from the selection of
cy and dy. O

In the rest of this chapter cy = 2N2agy. From (2.3.5)) and (2.3.6) we obtain a stronger
result than item (i) of Proposition there exists v, 0 < v < 1 such that for N large
enough

CSU%IP’(CSJQ?’N #* ng’N;T]%’ >cn) < AN (2.3.14)
0E

Proof of Theorem 2.1l Let Sy as in the statement of Theorem 1. We will prove that

lim ‘P(T}V’z > Bn(t+ ) — P(r? > Byt)P(r? > Bys)| =0, (2.3.15)

N—o0

which by the definition of Sy will imply
A}LHIOOIP(T;Z’Q > Byt) = et

To obtain the limit (2.3.15)), we prove that there exist two positive sequences hy and
'y, both converging to zero when N goes to infinity, such that

P(ry? > Bnt)P(r? > Bns) — hy < P(ry? > Bu(t + 5)) (2.3.16)
and
P(ry? > B (t +5)) < P(ry? > Bat)P(ry > Bys) + Wiy (2.3.17)

We begin by proving equation (2.3.16f). First, we observe that for all ¢, s positives we have
that

1,2 . 1,2 8ns A2 N 12N CA1L2N 1,2,N
{TN > ’BNS’TN > Bnt; gﬁNS T SBns—cn,en? PBNs—cn,2eN /BNS,CN} (2 3 18)

C {T]{,’2 > On(t+ )},
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BN (t+s)

—1 —]

=T

BNs+cN
BNs
BNs —cN

Figure 2.2: A graphic representation of the inclusion (2.3.18)). Blue paths represent paths
of particles 1 and red paths represent particles of type 2.

where C; 2N and Tif’t refer to the two-type contact process defined in Oy (H). By

formula (2.3.18)), we obtain that

1,2 .12 8ns CA1L2N . 12N CAL2N _ 12N
P(TN > ’BNS’TN > Bnt; CBNS T SBns—cn,eN? PBNs—cN,2eN T BN&CN) (2 3 19)
1,2 e
< P(ry® > Bn(t +9)).
Now, we choose hy as
1,2 1,2
hn =P(ry° > Bns)P(Ty" > Bat)
1,2 .12 8ns 12N 12N CA1L2N 12N
- P(TN > ﬁNS’TN > ’BNt’C,BNS T SBNs—cN,eN? PBNSs—CN,2eN T /BNS,CN)'

Also, we observe that the Markov property implies that

P(ry? > Bns)P(Ta > Bt) = P(r > Bns; 2PN > Bt),
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which gives

_ 1,2  1,2:8Ns 12N 1,2,N 1,2,N 1,2,N
hy = P(TN > Bns; ™ > Bt CﬂNS 7& CﬁNS—CN,CN Or Cgns—en,2en 7 C5NS,CN)
1,2 12N 1,2,N 1,2.N 1,2,N
< P(TN > Bns; C/BNS 7 CBNS_CN:CN) + IP(CBNS_CN:2CN # CﬁN&CN)'
(2.3.20)

Thus, by (2.3.20)) and formula (2.3.14]) we have that
hy < 20N + P(ra? < 2en).

Therefore, hy converges to zero when N goes to infinity. From this we deduce (2.3.16]).

Now, to prove ([2.3.17)) we observe that by the Markov property and ([2.3.14]) we have
that

P(ry® > Bu(t + )

<P(ry? > Bnt)P(ry? > Bys) + §uPCIP(<é;\i’N £ CoN R > BNP(ry > Bys)
0E

< P(ra > Bat)P(a> > Bs) + V.

N

Thus, we can take h/y = v", and the proof is complete. ]

2.4 Convergence in probability of %105;(7&/2)

In this section, we prove Theorem which states the asymptotic behavior of {log 7'%,’2} N-
Before the proof of the theorem, we present two technical results. Proposition below is a

modification of Proposition [2.4] which is suitable for our purpose.

Proposition 2.5. There exists 0 < ¢ < 1 such that for every K

supIF’(Tﬁ}) > 2N?Kagn; Pt < 2N?Kagy : {x : fO’N(m) =2} C[I,N]) <&V (2.4.1)
¢oeC

for N large enough.

Proof. Let s, = k2N Kaon for 1 < kK < N. We observe that the same argument used for
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the inclusion (2.3.5)) leads to

§2’N(zk) =1 and (yx, sk), (zk, sg) are an N-barrier

T};? > 2N2Ka2N; B Yk € AQ,Zk c A4 : §,‘3’N(yk) =2
(2.4.2)

C {{z: ¢ (@) =2} C [1,N]}.

Indeed, fix a configuration in the event on the left member of (2.4.2). Since (zg,sx) is
an N-barrier, we have that if Cg}g&(w) # 0 for a site z € [-N + 1,0], then (x, s + 5) is
connected with (zg, sx) inside [—N + 1,0] and by the priority of the particles of type 1 in
[N + 1,0] x [0,00), we have that CS +s( xz) = 1. By the same reasoning, we have that

if 2/ € [1,N] and Cfoi,_s( 'Y # 0, then (2, s + S) is connected with (yg, sx) inside [1, N]
and by the priority of the particles of type 2 in [1, N| x [0, 00), it holds that CSC:J%(Q:) = 2.

Summing up, at the time si + S every site occupied in [—N + 1, 0] is occupied by a particle
of type 1 and every site occupied in [1, N] is occupied by a particle of type 2, which yields
(12.4.2)).

Now, we observe that implies

U { 0 > ON?Kagn; 3y € Ag, 2z € Ay 0N (y1) = 2 }
¢o, NV (

sy (zx) =1 and (yg, Sk), (2k, Sg) are an N-barrier

1<k<N (2.4.3)

c U e fs@) =2} LN}

0<t<2N2Kasn

Therefore, to conclude (2.4.1)) it is enough to prove

Go,N
sup]P’( > 2N KagNﬂﬂ{ Yy € Ar G y) # 2or (v, sv) }) <cEN O (24.4)

¢oeC is not an N-barrier

We observe that the left member in the equation above is the same as the left member of
(2.3.8]), with the only difference that in this case we are intersecting KN events instead of
N. Thus, the same procedure used to get the bound ¢V for the left member of (2.3.8) can

be applied to obtain (2.4.4) (see Proposition [2.4)). O

In the next lemma, we use the following limit

lim %bg(P(T[LN] < 00)) = —Coo, (2.4.5)

N—o0
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where ¢y is as in Remark[2.2] This result is proved for R = 1 in Lemma 3 of [9]. Since every
step of this proof can be applied for the case R > 1, we assume ([2.4.5)) without proving it.

Lemma 2.1. There exists € > 0 such that
1
1 1 . [LN] >
lwglofN log(P(T <ON)) > —Coo.
Proof. Observe that for any 8 > 0
BTN < 00) = P(TIN < 9N) + P(ON < TN < o0).
Using (2.2.6|) for t = 6N we have

By (2.4.5) and (2.4.6)), for all € > 0 there exists an n such that for all N > n

(et N _ o=ONe < p(TILN] < g,
which implies
—(Coo + €)N +log(1 + e*(gé*C“JrE)N) < log P(T[l’N] < ON).
Taking 6 > ¢ /¢, for every € > 0 we have

1
~(coo + €) < liminf - log P(TEN < oN).

Proof of Theorem [2.3. First, for a fixed € > 0 we will prove that

. 1,2 Coot+€)NY __
Jim P(7y > kyelc=tINy = 0, (2.4.7)

where ky = 2N K*aon +0N, K* = H{f&’;iﬂ , G 1s as in Proposition 0 is as in Lemma
and c is as in Proposition 2.5
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To do this, we observe that by the Markov property, for every n € N it holds that

P(ry® > nky) < (sup (1§ > k)™ (2.4.8)
cec

Now, we observe that by (2.4.1)) for every (y € C we have

IP’(T};? >ky) < AT

2.4.9
F PP > kn; 3t < ky — ON : {x: ¢V (x) = 2} € [1,N)). (2:49)

Furthermore, the strong Markov property and the atractiveness of the classic contact pro-

cess give that

P(r > ky; 3t < by — ON : {: ¢V (2) = 2} € [1,N])

< BTN > o), (2.4.10)
and by Lemma for N large enough we have
P(TN > ON) <1 — e (e 2N, (2.4.11)
Substituting formulas (2.4.10|) and (2.4.11) into we obtain that
sup IP’(TZC;}) > k) < N 41— (ot 29N, (2.4.12)

¢o€eC

Thus, by ([2:4:8) and (2:4.12), for N* = [e(¢=+9N| we have
P(Tg? > N*k?N) < (1 o e—(coo+25)N + e—K* log(l/c)N)N*‘
Now, by our choice of K*, we conclude (2.4.7)). Moreover, observe that (2.4.7) implies
. 1
Jim (< 10g(75) > Coo + €) = 0. (2.4.13)
To conclude the proof, we only need to state that for every ¢ > 0

1
: G _
A}l_)rnOOIP’(N log(7x)) < coo —€) = 0. (2.4.14)
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For this purpose, observe that 7117’2 is stochastically larger than the minimum of two inde-

pendent variables with the same law of T5. Therefore, we have that

1 -
P(N log(min{T%:;TE}) < oo — €)
P(min{T%; T} < elco=N) (2.4.15)
P

(T]%/ < e(coofe)N)27

1
P(N log(Tf\})) < oo —€) <

where T} and T]%, are i.i.d. By (2.2.5)), the limit of the last term in (2.4.15)) is zero, which

implies (2.4.14)).
Clearly, from ([2.4.13) and (2.4.14) the theorem follows. O

In the next remark, we discuss what happens after the first type is extinguished. During

A
[-N+1,N

A and T[éN—i—l,N] the time of extinction of this process. For the special case A = [-N+1, N],

this remark, we denote by & ](t) the classic contact process with initial configuration

we write f[l_N-s—l,N] (t) and T[1—N+1,N]'

Remark 2.3. Let T21N be the time of the extinction of both particles, that is
Ty = inf{t >0 C;’Q’N =0}.

If we ignore the existence of both types of particles, the dynamic of the process is the same

as the classic contact process. Therefore, TQIN has the same distribution as T[I—N-i-l,N] and,
consequently, Remark[2.9 implies that for e > 0 we have
lim P (e@w—e)” < Ty < elesote2N ) = 1. (2.4.16)
N—o0

Moreover, observe that after 12 the process behaves like the classic contact process, since
after that time there is only one type of particle. Observe also that combining (2.4.16|) with
Theorem we obtain

lim P (e(c‘x’_ﬁ)zN —elewtON oL T]ff’g) =1. (2.4.17)

N—oo

Furthermore, after the extinction of the first species, the species that survives behaves

1,2

like the classic contact process. Thus, T21N — 75 has the same law of where

A
j—‘[fjjvv+1vN] ’
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Ay = C:;?Z’N. Using (?7?) we have that
N

: A 1 A _
A}gnoop(faﬁ, =& N1, (azn); T[JX/H,N] > azn) =0

and by (2.4.17) and the limit above we have that

]\}i—l;noo]P)(gf?JJ\rv = Ly (azw)) = 0.

Therefore
]\}if)noop(ﬂéjlvv+1,N] = T[1—N+1,N]) =1
and by Remark[2.9 we obtain that
: 1 =1 1,2 . 1 1 - ”
A}gnooﬁ log(Toy —73°) = A}gnooﬁ log Ti” y 1 N] = Coo in Probability.
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Chapter 3

The contact process on the layer
—L, L] X Z

In this chapter we prove that the contact process restricted to [—L, L] X Z, with two types
of particles, the particles of type 1 having priority in [—L, L] X (—o00,0] and the particles
of type 2 in [—L, L] x [1,00), presents metastability behavior. We restrict our study to
the case where the range is R = 1. To this aim, we will need a main tool, an extension of
Mountford-Sweet renormalization to the contact process in [—L, L] X Z, presented in Section
This construction is the key tool to extend, for the contact process in [—L, L] x Z, the
notion of “barriers” introduced in Section Once we have the definition of “barriers”,
the proofs follow closely to those in Sections and to obtain the equivalents results
for the contact process in [—L, L] X Z.

3.1 An extension of Mountford-Sweet renormalization

In Section we described a k-dependent percolation system, ¥, with closure close to
0, as introduced in [16]. In this section we define an equivalent percolation system for the
contact process restricted to the layer [—L, L] x Z, with infection parameter A > A, where
AL is the critical parameter in [—L, L] x Z, defined in (L.5.1)).

To simplify notation, during this section we refer to the contact process restricted to
By, = [-L, L] x Z, with initial configuration A C [-L, L] x Z, as {gL (t). In the special case
A = By, we write fgL (t).
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Given (m,n) € A we define

g N N mN N
IN:<[L,L]><<m A Gl

m 2 27 2 2

>mZZ,

JN [—L, L] x {7"2]\[} X [3Nn,3N(n + 1)].

I, = IN x {3Nn},
(mon) =

We define a map ¥ (H) : A — {0,1} as follows: set Wy (m,n) = 1 if all the conditions

below are satisfied

For each rectangle [-L, L] x I C Inj\;f_l UI,],\ZH of area (2L 4 1)V'N,

N 3.1.1
we have [—L, L] x I N §}§L(3N(n +1)) #0; ( )
If z € Iﬁfl UIfXH and {%L (3Nn) x {3Nn} — (2,3N(n + 1)), then (3.1.2)
(§%L(3Nn) X {SNn}) N I(]yn n) (z, SN(n +1)); o
If (z,s) € J(Jyn ny and f}_}?L(3]\7n) x {3Nn} — (2,5), (3.1.3)
then ({%L(SJ\N/n) x {3Nn})n I(]Zl ny — (2,8); o
{ 2 €[~L,L] xZ:3s,t,3Nn < s <t <3N(n+1), }
zEInKL UINA;[ such that (2/,s) — (z,t
1U T (2',8) = (2,1) ) ) (3.1.4)

N - mN ~
c[-L, L] ["”‘2 — 13N, mT T c13N] ,

where ¢ is a constant that will be specified below. Set ¥y (m,n) = 0 otherwise.

We dedicate this section to explain how we choose the parameter N such that the law
of Wy is a finite dependent percolation system with closure close to 0.

The first step is to determine the constant ¢ in . We define the rightmost second

coordinate as follows

rs = max{y : 3x € [—-L, L] such that (z,y) € §EL’L}X(7OO’O}(S)},
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3N

L+

A

-
N

Figure 3.1: Renormalized site for Mountford-Sweet extension

and the leftmost second coordinate
l; = min{y : 3z € [-L, L] such that (z,y) € SE;LL’L]XD’OO)(S)}.

Lemma 3.1. There exist ¢y and co positive constants such that

P < inf tls < —clt> =P < sup rg > clt> < e et (3.1.5)

0<s< 0<s<t

Proof. Tt is clear that r; is bounded by a Poisson process N; with rate (2L + 1), therefore

P(N; > 2(2L 4+ DAt(e — 1)) = PVt > 22EFDIA(e-1)
E(eNt)em2CLANINE]) — o(2LADXHe-1) =2CL+ 1A (e-1)

IN

— e~ (LADN(e=1)

where the inequality follows by Markov inequality and the second equality is the formula

of the generating function for the Poisson distribution with mean (2L 4 1)\¢t. Therefore

P ( sup gy > 2(2L + 1)A(e — 1)t> < P(Ny > 2(2L + 1)A(e — 1)t) < e~ CEFDAE=DE

0<s<t
and we obtain the lemma for ¢; = 2(2L + 1)A\(e — 1) and co = (2L + 1)A(e — 1). O

The next three results are proved in [I6] for the contact process in dimension 1 with

finite range larger than 1. The arguments on those proofs are immediately extended for the
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contact process in the layer [— L, L] x Z only that substituting the Bezuidenhout-Grimmett
renormalization for the adaptation that we mentioned in Section [1.5] For the seek of

completeness, we rewrite these results for our case. For details see [16].

Proposition 3.1. Let £p, (t) be the contact process in [—L, L] x Z with rate of infection
A > M. For any x € [—L, L] the probability that the site (x,0) survives to time t inside
the layer [—L, L] X Z and that there exists a vacant rectangle [—L, L] x I at time t of length
(2L + 1)dv/t inside [—L, L] x [—t/2,t/2] is bounded by Ce=™, where ¢ and C are positive
finite constants independent of d € (0,1] and t.

Idea of the proof: Let T as in Proposition We denote the event in the statement of

the proposition as

o= { gL’O)(t) # (); 3 an empty rectangle [—L, L] x I } ’ (3.1.6)

of area d(2L + 1)/t inside [—L, L] x [—3t, 31]

and also we define

D= \II(E;JL’O) (t) # 0; 3 a rectangle [—L, L] x I of area d(2L + 1)/t
inside [—L, L] x [—3t, 3] which remains empty throughout the time interval [t, t -+ 247
(3.1.7)

We can have that
P(C)e—Z(L+1)R224T < P(D),

therefore, instead of proving the estimate for the probability of C' we are going to do it
for the probability of D. The idea will be to prove that a vacant rectangle in the contact
process of this area implies a vacant interval in a certain percolation system constructed
using the Bezuidenhout-Grimmett renormalization. As a consequence of Corollary it
is possible to prove that, outside an event with probability less than e=cdVk for k large
enough, if 1% survives until time k then does not exist an empty interval of length dv/k
inside [—Bk;, Bk], where 3 is the percolation edge speed for ®.
We take § = 48%;23 such that
fn
—t/2,t/21c | (R, + (2:5), (3.1.8)

m:fﬁAn
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for s € [0,6t], z € [-L, L] x [—c16t, c16t] and n = [(t — dt)/24T']. Tt is possible to prove that
outside an event with probability smaller than e~V there exists a stopping time T € [0, §t]
and a site z(7") such that ® () 7) survives for all times. By Lemmawe can also suppose
that in this event z(7) € [—¢1dt, ¢16t]. Select N such that T + 24T € [t,t + 24T], then by

the arguments above

P(D) < e~V
[t/24T d\/i
+ Z P(q)i?;_)’T(N) # (), 3 a vacant interval of length e in [-8N, BN])
N=[(1-4)t/24T
< 6—Cdm

[t/24T

+ Z P(@i?;_) 7(N) # 0,3 a vacant interval of length dé VN in [-3N, N))
N=[(1—8)t/24T

< efcd\/(%_'_ efc”d\/z

with 0 < ¢ <1 and ¢” independent on d and t.

Remark 3.1. Using Corollary for the Benzuidenhout-Grimmett renormalization, it is
possible to prove the following: for any k and m there is a constant ¢ > 0, depending on k
and m, such that if on the rectangle [—L, L] x [0, N] both A and B are subsets that intersect
every interval of area mv/N, then P((f = 0 on A) < e=VN for every t € [kN,2kN] and
sufficiently large N.

In [16] is stated the equivalent result for the contact process in dimension 1 and finite

range.

Lemma 3.2. Let A be a subset of [—L, L] XZ such that A intersects every rectangle [—L, L] X
I of area (2L 4+ 1)V/N inside [~L, L] x [0, N], then for every z € [~L,L] x [-N/2,3N/2]

we have that

P(eh, BN)(2) = 1,657 O 3N (2) = 0) < Cem N2, (3.1.9)

Proof. For z = (z1,22) € [-L, L] x [-N/2,3N/2], denote éng) (t) the dual contact process

restricted to [—L, L] x Z and beginning in (z,3N). By Proposition we have that at
time 2N the probability that this process has an empty rectangle [—L,L] x I of area
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V3N /V3 =N in [-L,L] x [-N, N] + z is smaller than Ce®V3N . By our choice of z we
have that
[—L,L] x [-N,N]+ 2z D> [-L,L] x [0, N].

Therefore, outside an event with probability smaller than C' ecm, NgL’?’N) (t) intersects every
rectangle [~ L, L] x I of area /N inside [-L, L] x [0, N].

By Remark there is a constant ¢ > 0 such that if on the rectangle [-L, L] x [0, N]
both A and B are subsets of [—L, L] x Z that intersect every rectangle [—L, L] x I of area
VN, then

}P’(gﬁL’L}X[O ny=0o0n B) < e_c‘/ﬁ,

for sufficiently large N. Thus, the probability that §Am (LLXOND (N)=0o0n¢ Ef AN) (2N)N
(=L, L] x [0, N]) is smaller than Ce¢V3N. O

Lemma 3.3. Let A be a set of [—L, L] x [0, N] that intersects every rectangle [—L, L] x I
of area (2L 4+ 1)v/N. The probability that

{eh, (s)(2) = ;€L I ON () () = 13, (3.1.10)

for some z € [-L, L] x {N/2} and s € [0,3N], is less than Ce=VN where C and ¢ positive

constants independent of N.

Proof. We rewrite the proof of Corollary 5 in [16] for our case:

It is clear that we can prove the statement in the lemma for a fixed z because there is
a bounded quantity of sites. Thus, for a given z € [—L, L] x {IN/2} denote the event in
(3-1.10) by B(s). For a fixed configuration in the union of B(s), 0 < s < 3N denote s as
the first time such that B(sg) occurs. Since sg is a stopping time we have that given sg
with probability equal to e~ 1) there are no marks of infection coming in or marks of
death at z during the time interval [sg, so + 1], for any z € [-L, L] x {N/2}. Therefore

P(UB(s)) < ™D " P(B(k)).

s
1<kE<3N

Hence, it is enough to prove for a fix (z,s) that the event in (3.1.10) has probability
less than Ce—VN,
We divided into two cases. First case if s < N/2¢q, for ¢; as in Lemma Using
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Lemma for the dual process beginning at (z, s) we obtain that the event in has
probability less than Ce=eVN,

Now, suppose that s > N/2¢;. Suppose that for the point (z, s) with z € [-L, L| x{N/2}
we have . Then the dual process beginning at (z, s) survives for a time s > N/¢;.
Denote {éj(;j) () }o<t<s as the dual contact process restricted to [—L, L] x Z. By Proposition
outside an event with probability less than Ce—cdVt, 3 B, (t) intersects every rectangle
[~ L, L] x I of area (2L+1)dv/t in [ L, L] x ([~t/2,t/2]+N/2), with t < s. This implies that,
outside an event with probability less than Ce_Cd\/W, égL’S)(s — N/4cy) intersects every
rectangle [—L, L] x I of area dy/s — N/4cy in [~L, L] x [(1/2 — 1/8¢1)N, (1/2 +1/8¢1)N].

If s < N+ N/4cy, then s — N/4¢y < N and ESL’S)(S — N/4cy) intersects every rectangle
[~L,L] x I of area v/N in [~L,L] x [(1/2 — 1/8¢1)N, (1/2 + 1/8¢1)N] (outside an event
with probability smaller than C’e_Cd\/W).

If s > N + N/4c; we take d = VN/y/s — N/4c; and again we obtain that EJ(;L’S)(S —
N/4c) intersects every rectangle [—L, L] x I of area /N in [ L, L] x[(1/2—1/8¢;)N, (1/2+
1/8¢1)N] (outside an event with probability smaller than Cle=¢dVN/4er),

In any case, by Remark we have that the probability of the event in is
smaller than Ce=¢VN. O

For § > 0 we choose N such that
The event in Proposition has probability less than 6/4 for t = 3N;
Probability in Lemma is less than §/4;
The event in Lemma has probability less than §/4;
The probability in Lemma 3.1|is less than §/8 for t = 3N.

These restrictions on N imply that given the Harris construction until time 3Nn the proba-

bility of the event the simultaneous occurrence of (3.1.1)), (3.1.2)), (3.1]) and (3.1.4)) is larger

than (1 — ). Therefore, for a suitable k& depending on N , the map ¥y is a k-dependent

oriented percolation system with closure smaller than 4.
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3.2 Barriers and Metastability

Let C}J’z’N(t) be the contact process restricted to the layer [—L, L] x [-N + 1, N] at
time ¢, initial configuration 1_r, rx[-~n41,00 21— L,1]x[1,n5] and the particles of type 1 have
priority in [—-L, L] x [-N + 1,0] and the particles of type 2 in [—L, L] x [1, N]. In this
section we prove that the time of the first extinction 7']6’1’2 properly rescaled converges to
the exponential distribution with rate 1. The procedure to obtain this result will be to
adapt every step used in the proof of the case R > 1 and d = 1.

First we extend the definition of N-barrier ??7 to the contact process in the layer
[-L,L) x Z. For N as in Mountford-Sweet extension, let us denote M = M(N) =
| 2N=20KN) | and we set § = S(N) = KNM? +2.

Definition 3.1. (a) For z € [-L, L] x [1, N] we say (z,0) is an L x N-barrier if for all
2 € [-L,L] x[1,N] such that [-L, L] x Z x {0} — (', S), then (z,0) — (2', ) inside
[—L, L] x [1, N].

(b) For z € [-L,L] x [N +1,0] we say (z,0) is an L x N-barrier if for all 2’ € [-L, L] x
[—N+1,0] such that [-L, L] x Zx {0} — (2, S), then (z,0) = (2/, ) inside [~ L, L] x
[N +1,0].

To prove the equivalent of Proposition for our case, the argument is the same as in
that scenario, only that substituting in the proof the Mountford-Sweet renormalization for

the renormalization defined in Section 3.1} Therefore, we obtain that

Proposition 3.2. There exists 7 = (A, L) > 0 such that for all N large enough

P*((2,0) is an L x N-barrier) > 17, (3.2.1)

for any z € [-L,L] x [‘%N—g,_gﬁ—i-%] UI[—L,L] x %—g MN—F% , where 7 is

given by

(3.2.2)

7= (N |[4aK N | if M? 4+ |4aK N | is even,
1=1 = ~ ~ ~ ~ ~
|4aKN | +1 if M? + [4aKN| is odd.

To simplify notation we denote

Ay =[-L, L] x




iN N MN N
Ay=[-L, 0] x |02 M N
4 [ ’]X[2 9°' 9 +2 )
—-MN N IN N
A =L I x |-N+1, =55 - -1 ,A5:[—L,L]x[N, —

and

12132 [_iN—I-N,m—N].
2 272 2

Now we need to obtain regeneration for the classic contact process in [—L, L] x [1, N]. We
proceed as in Proposition[2.2] By the result above given an occupied site, we have a positive
probability of creating an L x N-barrier. For a given configuration £ € [—L, L] x [1, N] such
that the infection last until time N (S 4 1) then outside an event with probability (1 — 7)™
there exists an L x N-barrier in Ay. The definition of L x N-barrier implies the coupling
of the two processes, the one with initial configuration ¢ and the one beginning with full
occupancy in [—L, L] x [1, N]. We denote ay = N(S + 1) as the regeneration time for the
classic contact process in the layer. We select by = by, for by as in item (444) of Proposition

The next step is the proof of the equivalent to Proposition for the contact process
in the layer. This result first gives an estimative for the stopping times Sy and S First of
all we redefine this two stopping times to the contact process with two type of particles and
priority in the layer [—L, L] x [-N, N]. Given k > 1 and N, define the following stopping
times

Spk = inf{t > (k — Dagy : 3z € [-L, L] x [1, N], (7 (H)(y) = 2},

and
Spx=if{t > (k- Dagy : 32" € [-L, L] x [-N +1,0], ¢ (t)(z) = 1}.

We remember to the reader that for Proposition the main two ingredients were the
regeneration for the contact process in dimension 1 and Lemmal[I.1] For the contact process
in the layer we have also the regeneration and Lemma the rest of the arguments are

also valid for this case. Therefore, we can state the proposition
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Proposition 3.3. There exists ¢, 0 < ¢ < 1, such that

sup P(Tﬁ, > NCNLQN; dk 1<k<N: SL,k > deN) < NCQN, (3.2.3)
¢eCyr,

for all N large enough.

With the same arguments used in Proposition Proposition [3.2] and Proposition
together implies the regeneration for the contact process with two type of particles and
priorities in the layer. To explain the idea of the proof for the contact process in the layer

first we define the following sites
zg such that zg € A, and CL’N(Ek)(zg) =2;

and
zi such that zi € Ay and CE’N(Ek)(Zi) =1,

for a configuration { € Cr,, 1 < k < N and ¢ = 2kNasn.

The idea of the proof is the same: by Proposition we have that outside an event
with exponential small probability if both type of particles are alive for the process with the
initial configuration ¢ and for the process with the initial configuration 1;_r 7)x[-n41,0 +
211, 1)x1,n) until time ¢y we can define ZIE’ zi, z;’z and zi’z. By Proposition from each
site (-, ék), - € {zg, zi, z;’z,z;’z}, we have positive probability of having an L x N-barrier
inside the halfbox favorable for the type of particle that occupied this point. On the other
hand we also have positive probability, independent of IV, that there is non mark of infection
in the regions Ay x [¢,+8 —1,¢,+ 5], A3 x [6x+S — 1,6+ 5] and A5 x [¢,+ 85 —1,¢, + 5]
and there is non particle alive at this regions at time ¢, + 5. Summing up: outside an event
with exponential small probability if min{TL’C, T]{J,’lg} > én 4+ S we can find a time & such
that

(z,ﬁ,ék) and (z;g,ék) are L x N-barriers inside [—L, L] x [1, N],
(zp,éx) and (2%, &) are L x N-barriers inside [~L, L] x [~N + 1,0],
there is non particle alive at time ¢ + S in 211, 1213 and A5.

Therefore, in this event QL’N(éN + 5') = C%’z’N(éN + S) For éy = éy 4+ S and dy = by we

can state the following proposition
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Proposition 3.4. There are sequences éx and dy that satisfy

1,2,N ~ >
(i) Jim inf BE(C*N () = ¢ff (w) or T < En) =1

(ii) 2 — oo;
ii) lim P12k < dy) =0,
n—oo

where Cp, = {¢ € {0,1,2}[FBEXIENHLNT . 3 2y ((2) = 1,¢(y) = 2}

Let ,BN such that ]P’(T]{}I 2 ﬁ{(,) = e~ . As we prove in Section Proposition
imply

Jim [P(rit? > gt +s) - Py > BROP( ™ > hs)| = o,

for every t > 0 and we obtain the convergence in distribution of {7y L12 /BEIN to the

exponential distribution with mean 1.
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Chapter 4

More results for the
one-dimensional contact process
with two types of particles and

priority

During this chapter we are dealing with the contact process in dimension 1. The first
process that we study is the contact process in infinite volume with two types of particles
and priority, with initial configuration 1 _, o] + 21 «). In this case we consider the range
R > 1. For this process we prove the tightness of the positive part of the rightmost particle
1 at time ¢, that we denote by

rb = max{z : (" (x) = 1}. (4.0.1)

Having the tightness we prove the existence of an invariant measure which gives measure
1 for the configurations in {0,1,2}% with infinite particles of type 1 and type 2. The

statements are as follows

Theorem 4.1. For every € > 0 there exists M such that

P(max{r;,0} < M) >1—¢ (4.0.2)
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for every t > 0.

Theorem 4.2. For the contact process with two types of particles there exists an invariant

measure v that satisfies

(¢ €{0,1,2}%: [{z : ¢(x) = 1}] = o0, [{z : {(z) = 2}| = 00) = 1.

The other process that we study is the contact process with two types of particles in the
interval [N 41, N] and initial configuration Ly, N+ 21 n1,0- We denote this process by
¢2LN(1). Different from what we have seen so far, at time 0 the particles of type 1 are in
the region favorable to the particles of type 2 and vice-versa. We state that, in the nearest
neighbor case, the time when one of the families dies in the interval [-N + 1, N], T]%,’l, is
at most linear with respect to N, when NN tends to infinite. More precisely in Section

we prove the following theorem

Theorem 4.3. Let R =1 and « as in (1.1.9), then

2.1

. ™ l . .
A}gnoo N =g Probability. (4.0.3)

4.1 Graphical construction of the contact process with two

types of particles and priority in 7Z

In Section we give a definition of the contact process with two types of particles and
priority restricted to a finite interval, [N + 1, N]. In this chapter we deal with the version
of this process in Z. For this process we also have a definition using the Harris construction.

Let A and B be two disjoint subsets of Z. We denote the contact process with two
types of particles and priority with initial configuration 14 + 21 p as Cfl B We will define
the process almost surely for every time ¢ € QF, the extension for all times we defined as

;4 B (z) = lim+@4 B (), almost surely. In this way, we also guarantee that C{L‘ Pisa cadlag
qg—t

stochastic process. First, we observe that P(|€0(t)| < co) = 1 for every ¢ € Qt because
1€9%q)| < RN, with {N;}; a Poisson process with rate 2. Then for every « € Z and every
q € QT |€(¢)| < oo almost surely. Therefore, by the definition provided in Section for
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an N such that £°(¢q) C [-N +1, N]

Céﬁm[—N—&-LN],Bﬂ[—N—i-l,N],N(m) _ C(;m[—M—H,M],Bﬂ[—M-i-l,M},M(x)

for every M > N.
Hence, we define (25 (z) = ¢V HENEBAENTLNLN () iy = {|€7(q)| < oo, Va €
Z,¥q € Q*}, which has probability 1.

4.2 One-dimensional contact process with two types of par-

ticles in Z

In this section we present some results for the contact process with two types of particles
and priority in Z with initial configuration 1(_ g +21[; ) and range R > 1. In Subsection
4.2.1| we present some results for the k-dependent percolation systems with closure close to
0. We dedicate Subsection to the proofs of Theorem and Theorem First we
apply the results of Section to the Mountford-Sweet renormalization and we obtain
Theorem Theorem [£.2]is a consequence of Theorem

4.2.1 More results on k-dependent percolation system with closure close
to 0

During this subsection we use the notation introduced in Section [1.3|for the k-dependent
percolation system. Let (2, F,P) be a k-dependent oriented percolation system with small

closure. We define the following events:
An = {El yiy> Tl/2 and (270) ~ (yan)}a

L — there exists a path connecting {2} x {0} ~» Z x {n} such that
" this path does not intersect the set{(m,s) € A : m < s/2}
and

= ﬂrn.

neN
The next lemma will be used in the proof of Theorem
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Lemma 4.1. For e > 0 and k € N there exist pg and & such that
i) P,(3 n: A, =0) <e for all p € [po,1];
i) Pp(T') > 1 — € for all p € [po, 1];
i) if (Q, F,P) is a k-dependent oriented percolation system with closure below &, then
3 a path connecting [n/2,+00) x {0} NA ~ (2,n)

P and this path does not intersects the set > 1 —c¢,
{(m,s) e A:m <n/2—s/2}

for all n.

Proof. Observe that in the set {|C(g )| = oo}

{z:(2,0) » (z,n)} N [l?wfi]
= {z: 3y € (—00,0] such that (y,0) ~ (z,n)} N [2,7#2].

nr'n

Therefore, we conclude that

A

P =72 as in {|Clg0)| = 0o} (4.2.1)

The proof of item (i) follows by (1.3.4)), (1.3.5), (4.2.1)) and the following inequality

To prove item (i7), we first observe that by the definition of the events A, we have that
I c U A,.
n>0
Item (i) implies that there exists py such that for all p € (po, 1]

P,(I) <P,(3 n:A,=0) <e.
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To obtain item (iii), we first observe that the event

3 a path connecting [n/2, +00) x {0} N A ~~ (2,n)
A= and this path does not intersects the set ,
{(m,s) € A:m <n/2—s/2}

is decreasing. From Theorem there exists > 0 such that for all k-dependent oriented

percolation system (2, F,P) with closure under ¢, we have that

3 a path connecting [n/2 + 2, 4+00) x {0} NA ~ (2,n)
P and this path does not intersects the set
{(m,s) e A:m < (n+4)/2—5s/2}
3 a path connecting [n/2 + 2, 400) x {0} N A ~ (2,n)
< Pp, and this path does not intersects the set
{(m,s) e A:m <n/2—s/2}

3 a path connecting {2} x {0} ~ Z x {n} such that
=Py, this path does not intersect the set
{(m,s) e A:m <s/2}

=Py (Tn)%) < B (1)) <6

where the second equality above is exclusively true for the Bernoulli product measure. [

4.2.2 Proofs of Theorem [4.1] and Theorem [4.2]

Proof of Theorem[{.1]: Using Lemma and Propositionfor € > 0 there exist k, K and
N such that ¥ is a k-dependent percolation system and

3 a path connecting [2 4+ n/2,+00) x {0} NA ~ (2,n)
P and this path does not intersects the set >1—¢€
{(m,s) e A:m < (n+4)/2—5s/2}

for all n. In fact, we need a translation of the event in the probability above. We denote
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the unit of translation by 7 and define it as follows

IVQOLKN—‘ if n is even,

. (4.2.2)
[QaKN 4 1] if n is odd.

By the invariance translation of Harris construction, we have that

3 a path connecting [n/2 — s/2+ 7,4+00) x {0} NA ~ () +2,n)
P and this path does not intersects the set >1—ce.
{(m,s) e A:m <n/2—5s/2+ 3}

We take ¢ > KN and choose n = Lﬁj + 1. For this n, with probability larger than 1 — ¢,

there exists a sequence {my, }o<r<n such that

U(mp k) =1V k €{0,...,n},
’mk+1_mk‘ :17

mi >n/2—k/2+ ).

Also, we denote

KN KN
B, = Uogkgnj(mk k) U J(mk k)

By the properties ((1.4.2]) and (1.4.3) of the Mountford-Sweet renormalization, we observe

that in the trajectory of the contact process t — £(t)(H) every infected site in B,, descends
from I(K’N) C Z™". Property (1.4.4] - of the renormalization and the fact that my > n/2 —
k/2 + y imply that such sites are infected for paths to the right of { j+2)N —2aKN} x
[0, +00) C ZT x [0, +00).

In this situation, for any y € £(¢) N [(Hz) + 2aK N, +00) we have two possibilities:
Z x {0} — (y,t) with a path that intersects By, or for a path that stays for all times to the
right of B,,. In both cases, we can construct a path contained in {5~ JH —20K N} %[0, 400).

By Lemma I g‘tl 2(y) = 2. We can conclude that

2)N -
1—e gP((rl)j<(‘7+2)+2aKN>,

for all t > K N. Then, we choose M; = 2a KN + JN/2 which does not depend on t¢. In the
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Figure 4.1: We represent the blue paths referent to particles of type 1 and the red ones to
particles of type 2.

case t < KN , observe that
sup (r)* < +oo,
0<t<KN
then there exists M5 such that
1—e< P((rtl)+ < My),

forallOStSKN. O

Proof of Theorem[{.J: At the space {0, 1, 2}% we define the following metric

_ [n(z) —n'(z)|
plnn') = —,
=201+ [n(z) — o' (2)])
where 1,1’ € {0,1,2}%. Observe that for all ,7, 5(n,n’) < 2, also with this metric {0, 1,2}%
is a complete space. Then ({0,1,2}%,5) is a compact space. We denote v; as the law of

Ctl’z and

T
pr(A) = /0 vi(A)dt,

for all Borel set A.
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Because the space is compact, {ur}r is a tight family. Let {ur, }x be a convergent
subsequence to a measure v. Using Proposition 1.8 and Chapter I of [I2], we have that v
is an invariant measure for the process. Let b, be such that b, converges to infinity and
define the following sets

-Abn — {C c {0,172}2 . |{$ : C(J;) :nli?\}_b’m_MH Z g’ |{y : C(y)bn:_ino [Mv bn]' 2 ;}
and
an _ {f c {0,1}2, . |{$ : f(.’L‘) ?nlir;\}_bna_M” > 57 ‘{y : £<y)bn:71}]\;] [M7bn]| > /2)}7

where p = P(T° = c0). From Theorem we know that for € > 0 exists M such that for
allt >0
P(r) > M) +P(l; > M) <e.

We observe that for all ¢t > 0
W(A5,) < BEX(H) € B,) + Brf > M)+ B(y > M) < (B, ) + e,
where p is the non-trivial invariant measure of the classic contact process. Then,
o (Ap,) < u(By,) + e
By the convergence of the sequence {ur, }1 to i, we have that
V(AG,) < u(BS,) + .

As a consequence of the ergodicity of u, we have that

lim v(Ap ) < nlLII;Ou(Bgn) +e=ce

n—oo

Observe that S = limsup A, is a subset of {¢ € {0,1,2}% : |z : () = 1| = oo and |z :
((x) = 2| = oo}. Then, we conclude that

v({¢€{0,1,2}2 : |z : ¢(x) = 1| = o0 and |z : {(z) = 2| = o0}) =1,
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which proves Theorem [4.2] O

4.3 Proof of Theorem 4.3

As we mention in the beginning of this chapter, in this section we are dealing with the
contact process with two types of particles and priority with range R = 1. The priority will
be the same as before: particles of type 1 have priority in (—oo, 0] and particles of type 2
in [1,00). But now we explore the behavior of the process when the initial configuration
18 21 (_oo,0] + L[1,00), that is, in the initial configuration the particles of type 1 are in the
region favorable to the particles of type 2 and vice-versa.

We denote by Cf 1 the contact process with two types of particles and the particles
of type 1 having priority in (—o0,0] and the particles of type 2 in [1,00), with initial
configuration 21(_ 0] + L[1,00)- Also, we use the notation sz for the contact process
with two types of particles with regions of priority and initial configuration as before but
constructed in © g 4 (H), the translation of Harris graph to time s. We denoted by ¢ 2LN(¢)
the contact process with two types of particles and priority restricted to the interval [—N +
1, N] with initial configuration 21|_y_1 ) + 11 N

We define C as the set of configurations ¢y € {0,1,2}% such that the sites occupied by
particles of type 2 are at the left of the sites occupied by particles of type 1. We observe
that, since we are in the nearest neighbour scenario, the set C is invariant for the contact
process with two types of particles and priority. Let (3 be a configuration in C, we define

the leftmost 1 and the rightmost 2 at time ¢ as follows
[fo = min{z : °(x) =1}

and

Pf“ = max{z : ;°(x) = 2}.

In the special case (o = 21 (_ 0] + L[1,00), We write 71 and l? For the classic contact

process, we reserve the usual notation 7% for the rightmost occupied site at time ¢ and
ll[tO’Jroo) for the leftmost occupied site at time ¢, which were defined in (1.1.7) and (1.1.8)

respectively.
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For A C N, define x{* as follows
x{* = {x : there is a path inside N from (y, 0) to (z,t) for some y € A},

and denote p™ as
pt=P(xi #0, V).

We also denote by AT the critical parameter for the contact process in N. In Corollary
2.5 of [2] was proved that A7 = A\.(Z). Since we are dealing with the supercritical contact
process in Z, the process restricted to N is also supercritical. In the supercritical case
the process x}' converge in distribution, when ¢ goes to infinity, to a non trivial invariant
probability measure that we denote by g . Another useful observation is the fact that y
is stochastically larger than p,, and this is obvious by the property of attractiveness.

In order to obtain Theorem [.3] we first give some results for the process defined in

infinite volume (tz 1 For (o a configuration in C we define the following stopping times:
5’80 =0; Sfo — inf{t > 0;7%° > 0 or [* < 0}.

Being defined 50 Sgo, e S the k-th stopping time is given by
1 k—1

g _  f{t> S ° <0} ifFY >0,
| inf{t > Spoy A0 >0 ifIE <0,

These are the times when in the process {(;°}+ there is a cross from a particle of type 1
to (—o0, 0] or a particle of type 2 to [1,00). In the special case (o = 21 (o 0] + L{1,00), We

omit the superscript. The following variable counts the number of finite stopping times S
G =k in {Sk < 400} N {Sk4+1 = +o0} for k > 0. (4.3.1)

In the next lemma we prove that the variable G is stochastically dominated by a geometric

distribution.

Lemma 4.2. For G as in (4.3.1)) we have that

P(G>Fk)<(1—pH)F L E>1. (4.3.2)
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Furthermore, for k =0 we have that
P(G =0)=0. (4.3.3)

Proof. To obtain , we first observe that for any ¢y € C the processes ¢;° and x} are
defined using the same Harris graph, therefore we have a coupling between both processes.
For a configuration (p such that (o(1) = 2, if x{ # 0 for all ¢, then for the process {(;°}+
there is non cross from a particle of type 1 to (—oo, 0], because the particles of type 2 have

the priority in [1,00). From this argument follows the next inequality
P(¢® € {5 < 00}) <P(It>0:x} =0)=1—p". (4.3.4)

In the case (p(0) = 1, we also have (4.3.4) by the symmetry of Harris construction. Since
Cgil has a particle of type 2 in the site 1 or a particle of type 1 in the site 0, by the Strong
Markov property and (4.3.4) we have that

2,1

¢
P(G>k) =P € {8 < oo} Spo1 < 00) < (1— p")P(Spo1 < o)

and by induction on k, for all £ > 1 we obtain (4.3.2). To obtain (4.3.3)), we first define the

next stopping time
T = inf{t : (—o0,0] x {0} — (1,¢) or [1,00) x {0} — (0,1)}.
The fist step will be to prove the following inclusion
{T < o0} C {G > 0}. (4.3.5)
Fix a realization in the set on the left member of such that
(—00,0] x {0} — (1,T).

In this case, by the definition of T" there is non path in the Harris graph connecting [1, 00) X
{0} with (—o0,0] x [0,T). Therefore, for the contact process with two types of particles
and priority with initial configuration 21 ] + L[1,00) there is non particle of type 1 in
(—00,0] % [0,T"). For this reason, the path connecting (—oo, 0] x {0} with (1,7’) is a path of
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particles of type 2 that ends in a site in which type 2 has priority, so C%’l(l) = 2. Then in
this case G > 0. The argument for the case [1,00) x {0} — (0,7) is very similar. Hence, we

have proved the inclusion (4.3.5). Equation (4.3.3)) follows from (4.3.5) and the fact that
the event {T" = 0} has probability equal to zero. O

The previous lemma implies that the variable G is finite and more than that, it is
stochastically dominated by a geometric distribution. By the nature of the dynamics, after
Sq only one type of particle has the priority in all Z. Therefore, after this time, the process
behaves as the Grass-Bushes-Trees (G-B-T) process.

Let us recall the definition of the G-B-T model. Let A and B be two disjoint subsets
of Z, we denote by 5{4 B the G-B-T process where the particles of type 2 (the trees) have
the priority and with initial configuration 14 + 21 5. Given the Harris graph, this process

is defined as follows

2, if Bx {0} = (1)
MPa)y={ 1, if Bx{0}» (z,t) and A x {0} — (z,¢)

0, other case,

for x € Z and t > 0. In the especial case A = [1,00) and B = (—00, 0], we use the notation
Ef’l. We will refer to QN";A’B’N for the G-B-T process restricted to [N + 1, N] with initial
configuration 1 4 + 21 5, where A and B are disjoint subsets of [-N +1, N]. For A = [1, N]
and B = [N + 1,0], we use the notation (™.

We state the fact that we can compare the contact process with two types of particles

and priority with the G-B-T process in the following remark.

Remark 4.1. Let A and B be disjoint subsets of Z such that A C [0,00), B C (—o0, 1] and
1 € B, then
{857 = oo} C{GH = MV > 0},

Once we have the comparison between the contact process with two types of particles
and priority with the G-B-T model, we need another important ingredient to prove Theorem
[4.3] wich we state in the next lemma. In this lemma we prove that for the G-B-T model
restricted to [-N + 1, N] and N large enough, with probability close to one, the extinction
time of the bushes is at most linear in N if in the initial configuration there are a large (on

N) number of trees. Before proving this result let us define the time of extinction of the
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bushes. For A and B two disjoint subsets of Z we define the time when the bushes or the
trees become extinct for the G-B-T model restricted to the interval [-N + 1, N] as

%]é’B =inf{t >0: {z: gf’B’N(x) =1}=0or {z: éf’B’N(x) =2} =0}.

Lemma 4.3. Let 0 < n < 1,0 < p <1, A and B be subsets of [-N + 1, N] such that
B C [-N +1,1] and A C [2,N]. Assume also that |B N [-nN,1]| > pnN/2. In this
conditions and for ¢ such that 0 < § < a we have that

. ~A,B _
lim BT > Ng) =0,

where = (14+n)/(a —9).

Proof. To simplify the notation let us denote B N [—nN,0] by By. Observe that

{7#w? > NBY = (7" > NB; TPY > N}

43.6
u{rg? > Ng; TPV < NB}. .

The idea is to estimate the probability of each event in the right member of . For
the probability of the second event, we use a result proved in Section 10 of [6], which states
that for every subset D of Z

P(TP < o0) < elPl, (4.3.7)

cpnN
where ¢ is a positive constant. Hence, the probability of the second term is less than e™ 5

Now, we focus on the first term of (4.3.6]). The first step will be to prove

. ~A,B .mB .mB _
Jim BGET > NBTPN > NETEY | < NB) =0. (4.3.8)

Observe that

(77 > N3, TP > N}
C {7 > NBTPY > NB UGS < ~(a = 8)BN: 1y > (a— 8)3N}
UL > NB;TPY > NB IR = —(— 6)BN or vy < (= )N},
(4.3.9)

By (1.1.9), the limit when N goes to infinity of the probability of the second term in the
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right member of (4.3.9) is zero. In the first term, by the fact that lf/g is less than —N + 1

and rﬁg is greater than N and the path crossing property, we have that f[]i N W, N](N B) =

§[€N+1 N (N3). Since also in this event T[JENH N > N, then in the first term of (4.3.9)
we have T, ﬁfx, N > Np. These arguments yield (4.3.8). Thus, instead of proving that

the probability of the first term in the right member of (4.3.6) goes to zero when N goes
to infinity we prove that

. ~AB B o
lim P77 > NG TEY > NB) =0. (4.3.10)

For this purpose observe that

{0 > NB TNy > NBY
- {%A’B > NB;dy € By : T}{, > N and §[]17N+1,N}(N5) = [U,NJFLN](N/@)}
U{F4P > NB;3y € By : TR > NB and &y g j(NB) # &y oy (VD))

The first event above is empty by the priority of the particles of type 2 in all [-N + 1, N].

The probability of the second event goes to zero as N goes to infinity because
0,00 —o0,—nN
{T} > Nj and f[]l—NH,N}(NB) # ff/,N+17N](N5)} - {ZERN )> _N+1lor réN Nl < N}

and by (1.1.9) the probability of this last event goes to zero when N goes to infinity. [

Remark 4.2. Using the path crossing property and the attractiveness of the contact process

it is possible to prove that there exists a sequence By that goes to zero such that for all s > 0

P(T y > 8L (s) & Bon) < B,

where 0 < b < 1 and for p= (& :£(0)=1)

_ L [EN[=ONp
Buy = {ge{o,l} JENEINL, 2L

For details on this result see the proof of Theorem 4.20, page 257 in [17]. Then, for the
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stopping time S we have that

lim ]P)(T[]EN,N} > Sk;f[]l,N7N}(Sk) ¢ BbN) =0. (4.3.11)

N—oo

Now we are finally ready to prove Theorem

Proof of Theorem[{.3 Ford >0and 0 <y < 1,set a = (1+7)/(a—08)+7y and b = 1/(a+9),
where « is as in (1.1.9). We want to prove that

lim P(r>Y/N > a) = 4.3.12
Jim P(ry /N > a) =0 (4.3.12)
and
. 2,1
) < = 0. ..
Z\}EI})OP(TN /N <b)=0 (4.3.13)

To deal with (4.3.12)) we write the probability of the event as follows

P(ry'/N >a) =Y P(ry'/N > a;G = k)
k=1

(4.3.14)

o

P(rR N > a;G = k; (2H(1) = 2),

£
Il
—

where the second equality follows by the symmetry of the Harris construction. Thus, by
Lemma we have that the series above converges uniformly in N, which implies that

NliglooP(Tf,’l/N >a) = ; 1\}131@2]?(7']%/1/N >a;G =k; (gkl(l) =2).
Then, instead of (4.3.12)) we prove that for all k£
. 2,1 21
lim P(ry" /N >z;G =k;(5 (1) =2) =0. (4.3.15)
N—o0 k
In order to do that, we take € > 0 and for this € we choose M such that
P(M < S <o0) <e€

and 0 < M < ~N for N large enough. With these restrictions on M, we split the event in
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(4.3.15) as follows

P(ryt > Na; G = ki (3 (1) = 2) = P(y' > Na; M < Sy, < 00; Spy1 = 00: (5 (1) = 2)
=P(ry" > Na; Sp < M; Spyq = 00; 2 (1) = 2).
(4.3.16)

By our choice of M we have that the first term at the right member of (4.3.16) is less
than €/2. Therefore, we focus on the second term. Our selection of M and a implies the

following inequalities

]P’(T]%]’I > Na; ng;l(l) =2; S, < M;Sj41 = +0)

= P((T]%f’l — Sk) > Na — Sk?Cg;Cl(l) =2;5, < M; Sgy1 = +OO) (4 3 17)
<P((rat = Sk) > Na — M; 3 (1) = 2 S < M; Spy1 = +00)
<Pyt = Sk > N1 +9)/(a = 6);¢3H(1) = 25 Sy = +00),
rewriting the last term above and using Remark [4.1] we obtain that
IP’(Tf,’l > Na; S < M; Sgy1 = oo;Cgl;l(l) =2)
G 2,1 ¢
SP(ry" /N> 1 47)/(a=06)i¢5 (1) =25, =+o0) (43.18)
~<2,1,1\/

<P /N> (1+7)/(a-0)).

Remark and Lemma, implies that the probability above converge to zero when N
goes to infinity. Back to (4.3.16)), we have that

2,1,N

¢
lim IP’(Tf,’l/N >x;G =k; Cg;l(l) =2) < lim P(7fy* /N >z)+e=c¢,

N—o0 N—o0

for an arbitrary € and (4.3.12) is proved.
To conclude the theorem it remains to show (4.3.13)). For 0 < € < §, there exists T" such

that for all t > T

(a—¢) < rt(_oo’o]/t <(a+e€) and (o —€) < —lio’oo)/t < (a+e), (4.3.19)
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almost surely. Now, take N large enough such that bN > T and observe that

{l ™) > —(a+ BN oy g (ND) N [=N + 1, —(a + €)bN] # 03N
{ngj}oo’o] < (a+ e)bN§§[IL—N+1,N](Nb) N [(e+ €)bN, N # 0} (4.3.20)

c {r3' > Nb},
then

(72 < Nby € % > (a+ BN U L% > —(a + )bN}
U {g[ﬂ—N-i-l,N](Nb) N[=N+1,—(a+¢e)N] = (Z);T[IL—N-H,N] > bN'}
UL v (VD) N [(a+ e)bN, N] = 0; T vy np > BNYU{TE vy g < ONT
(4.3.21)

The probabilities of the first two terms in the right member of (4.3.21)) go to zero when N

goes to infinity by (4.3.19)). For the probability of the last term in (4.3.21]), we use that
Tn/E(Tn) converges in distribution to the exponential law with parameter 1. Also, it is

known that E(T) is exponential on N, then we can conclude that

limsup P(T{! vy, vy < BN) =0,
N—o00
By the symmetry of Harris construction the probability of the fourth term in is
equal to the probability of the third. Therefore, it is enough to prove that the probability
of the third term in is small when N goes to infinity. To obtain this limit, first
observe that by the path crossing property we have that

minéf oy (Nb) = minél vy 3 (ND) in {7 5y ) > NbY.

where £E£N+1,Oo)

full occupancy. By the translation invariance of the Harris graph, the argument above and

is the contact process restricted to [—N + 1, 00) with initial configuration
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the symmetry of the law of Harris graph, we have that

P(minél y oy n(Nb) > —(a+e)yN; T vy gy > ND)
=P(minéf ) ) (ND) > —(a+ )bN; T vy 5 > Nb)
< P(minfﬁvw) (Nb) > (1 — (a+ €)b)N),

where 1 — (o + €)b > 0, by our choice of b and since € is smaller than §. By the fact that

14 is stochastically smaller than 5[11 o0y W have the following inequality

P(min &l o (Nb) > (1= (a +€)b)N) = P(min x;, > (1 — (@ + €)b)N)
< py(x :miny > (1 — (a+€)b)N).
Thus, we have that
lim P(max &l g (Nb) < —(1— (a4 €)b)N) = 0.
N—oo ’

By all the arguments above we can conclude the limit (4.3.13)).
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Future problems

There are many interesting questions for the contact process with two types of particles
and priority that can be addressed in future works.

For example, we would like to study if there is a metastability behavior when the
dynamic is restricted to [0, 1] x [1, N}, initial configuration 1yoyx 1,8 + 21 y1}x[1,5) and the
particles of type 1 have priority in {0} x [1, N] and the particles of type 2 in {1} x [1, N].
Even the case R = 1, we can not use the ideas presented in Chapter 3] because the boundary
of interaction between the families of particles depends on NN in this situation, different from
the one in Chapter

Also, we want to have more information about the set of invariant measures for the
process. In Section we only proved the existence of a non-trivial invariant measure
different from p, which is also an invariant measure for the process.

A challenging problem for us is the case when the dynamic is restricted to [~ N, N]?
with initial configuration 1;_x o)x[-n,n] + 211, N]x[-~,n] and the particles of type 1 have
priority in [—N,0] x [-N, N] and the particles of type 2 in [1, N] x [-N, N]. We want to
understand if this model presents a metastability behavior. We need a different approach
from the one used in Chapter [2l and Chapter [3| because in Z? the dynamic of the contact

process is more complicated.
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Appendix

Details on Bezuidenhout-Grimmett renormalization

In this section we adapt the Bezuidenhout-Grimmett renormalization for a layer with
fixed width 2L+1. We prove the existence of a 1-dependent percolation system with closure
below ¢, ® in {0, 1}A. The map & is defined using the contact process restricted to the
layer [—L, L] X Z, with infection parameter A > A\r, where

AL = inf{)\ : ]P))\(f[fL,L}XZ(t) #* @\V/t) > 0}

This percolation system will be used in the next section to prove that outside an event with
small probability, if the contact process in the layer survives for a time ¢, then at this time
there is no empty segment (also called gap) of length /2.

In order to choose r, K and T such that ® has closure close to 0 we present several
results introduced in [3].

To simplify notation, during this section we refer to the contact process restricted to
By, = [-L, L] x Z, with initial configuration A C [-L, L] x Z, as §§L (). In the special case
A =[-L, L] X Z we write §%L (t). The fact that A > Az, implies that for e > 0 there exists

r large enough such that

1
PA(EE, () # 0, v1) > 1 — o, (4.3.22)
where R = [—L,L] x [—=r,r]. In the first step we show that with large probability the

rectangle R is connected to many points in the top and the faces of a large space time box.
To enunciate this result, we need more notation:

For a space time box B(K, S) = [-L, L] x[- K, K]x |0, S] we define T} (K, S) the number
of points in [-L, L] x [0, K] x {S} connected with R x {0} inside B(K, S). T>(K, S) refers
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to the equivalent variable for the octant [-L, L] x [-K, 1] x {S}.

We define Fy (K, S) = [-L, L] x {K} x [0,5] the right side of the box B(XK,.S). Choose
h € (0,(144X)~!) and denote N7 = Ny(K,S) as the number of points in F; at distance h
from each other, connected with R x {0} inside B(K,S). We refer to the left side of the
box as F and Ns is the corresponding variable. Also we define the total number of infected

sites on the top of the box and at the sides as

T(K’ S) = Tl(K’S) —|—T2(K7S),

and
Ny(K,S) = Ni(K,S) + No(K, S),

respectively. Their sum is denoted by
N(K,S)=T(K,S)+ Ns(K,S).

With h € (0, (1+4X)71) |, let a be the minimum of the probabilities of the following events
i) (z,0,0) is connected to R x {h} inside R x [0, h] for every x € [—L, L],
ii) (z,0,0) is connected to R x {h} £ (0,7,0) for every = € [—L, L].

Let M large enough to ensure that (1 — )™ < e. We take N large enough such that in
any subset of Z? or Z having more than N elements, there are at least M points such that
every pair of these points are at distance 3r + 1 apart.

The proof of the following lemma is basically the same as that of Lemma (7) in [3]. The
only difference is the fact that we are dealing with the contact process restricted to a layer
and in the original paper their work for Z? but all the arguments there are valid to our

case.

Lemma 4.4. For e > 0 there exist M, N € N, K and S such that
P(T;(K,S) > 2N) > 1 —¢, (4.3.23)

and
P(Np,(K,S)>4MN) > 1 —e. (4.3.24)
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Proof. Observe that for all t > 0
P(¢E, dies | €, (1] < 2N) > (1+43) 2.
Therefore
]P’(fgL survives ; |£§L (t)| < 2N for arbitrarily large times t) = 0.

By our selection of R we have that

1
P(¢, survives; 3T such that V¢ > T1|¢f (¢)] > 2N) > 1 — 562,

then there exists T such that

1
P(vt > Ty, |¢5, (t)] = 2N) > 1 — 562. (4.3.25)

From the equation above we have that for all ¢ > 77 there exists K = K(t) such that

2
P(T(K,t) >2N) > 1 — 562. (4.3.26)

By FKG inequality we have that
P(T;(K,t) < N)? = P(T1(K,t) < N)P(Ty (K,t) < N) <P(T(K,t) <2N) < 2. (4.3.27)

Hence we concluded the first inequality in the Lemma for any S > T.

For the second equation, we define s(K(t)) as the infimum of the times such equation
is not satisfies. Because P(T(K,t) > 2N) is a continuous function of ¢, s is such
that P(T(K,t) > 2N) = 1 — €2. We write By, for the box of dimensions k, s, = s(k) with k
going to infinity and P(T'(k,si) > 2N) = 1 — 2. We write Ny = T'(k, s.) + Ns(k, si). It is

proved in the same way as in [3] that

P(Vk > ko, N, > 2N(2M + 1)) > 1 — €*, (4.3.28)
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from (4.3.28) and our selection of s, we have that

et > P(T(k,s;) + Ns(k, 55) < 2N(2M + 1))
> P(T(k, sp) < 2N)P(Ny(k, s;) < ANM)
= ’P(N,(k, 5;) < ANM),

which imply that
P(Ny(k,s;) > NM) > 1 — €.
As in (4.3.27)) we use FKG inequality to conclude that

P(N;(k,s;) < 2NM)? = P(Ny(k, si) < 2NM)P(Ny(k, sp) < 2NM) < P(N,(k,s;)) < €2.

(4.3.29)
To prove (4.3.28)) the idea is first prove that for v € N and k > 1
1 —4Xh\"
R .
P(¢p, dies out [Ny <v) > ( T ) , (4.3.30)

ones we have this inequality (4.3.28]) runs as (4.3.25)).
To obtain (4.3.30) we first observe that for every = on the top of B, we prevent the

spread of the infection through the line x X [sg, 0c0) if it happens a mark of death before
any mark of infection, this has probability 1/(1 + 4X) > (1 — 4Ah)/(1 + 4X). Now we
estimate the probability of the event there is non spread of infection through the sides of
By. For z in [-L,L] x {—k} U[—L, L] x {k} let us organize, by the increasing order of
the second coordinates, the set of points in {z} X [0, sx] connected with R x {0} inside
the interior of By and denoted them by (z,p1),...,(z,pn). Divided the points (z,p;) into
groups {(z,p;,),---,(z,p;)} satisfying (i) and (i) below

1) Pj, — Pq; < ha
ii) Diyy — Pi > h.

Let m(z) the number of groups that we can construct with these characteristics. Also
denote i;( j; — 1) the small(higher) index such that (z,p;)( (2,pj—1)) belong to the [-th
group. The probability that there is non infection trough the segment {z} X (p;—1,p;) to
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outside By is given by

1 AN
Trdr 1T+ ¢

where y; = p; — p;—1. Then the probability that there is non infection leaving Bj trough

)

the line {z} x [0, si] is given by

n m IJr
11 LI, SRS VIV 11 1 L4 ara
ST144AN 1 +4N TR THAN AL HAN 144N ’

in order to estimate this quantity observe that

(144071 4+ ahe= N0 — (1 44071 + (1 + 40) " Hde Ve P
4\ —h _—4\y,

144X\ te P
(+ ) (+4)\)e e

D)
1+4)\ 1+4>\)( h)>

(
()

14 4)) +4/\)

e~

—4>\yl

where the second inequality use the fact that e > (1 — x), the third is because h <
(1+4X)~! and the last inequality use that A > %. Therefore, we obtain that

o 1 AN (144 m
/) —2AYl
HH1+4)\<1+4)\ 1+4x° > <1+4)\> INIE

=1]=1 =1 =i,

1 m
> _ Jr—
= <1+4/\> [ - )

T=1
1 — 4 h\™
> Y
A\ 1+4X
the second inequality above use again that e™* > (1 — ). Running over all z in the sides

we have that the probability that the infection do not leave By trough the sides of the box
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is at least

I <1 4>\h>m(z) - <1 4)\h>NS(s’“’k)
2€[—L,L]x{—k}[—L,L]x{k} 1+4A S AL+

Now it is easy to conclude (4.3.30f), finishing the lemma. O

In the second step we construct a “seed” (a fully occupied translate of the rectangle
R) in the side of the box B(K,S). From this seed we iterated Lemma The following
Lemma is the equivalent to Lemma (18) in [3]. We rewrite the proof of the original lemma

because we have a restriction in the first coordinate.

Lemma 4.5. Suppose P(g%L survives) > 0 and € > 0. There ezists v, K and T such that
the following holds: with Py-probability greater than 1 — €, there exists a translate A of the

rectangle R, as in (4.3.22)) such that
(i) A C[-L,L] x [K,2K],

(i1) There exists t € [T,2T] such that R x {0} is connected inside [—L, L] x [-K,3K] x
[0,2T] to every point in A x {t}.

Proof. With r as in ([(£.3.22), h € (0,(1 +4X)~!), M and N defined as before. Also we
choose K and S as in Lemma .4 and we set T’ = S + h. By Lemma we have that, with
probability larger than 1 — ¢, there exists N M points connected with R in the side F3 of the
box B(K,S), and this points are at distance h. There exists at least one line (z, K) x [0, S]
such that it has at least M points at distance h from each other. Then with probability
larger than 1 — e we have that there exists one time s such that (z, K, s) is connected to
(R4 (0,7 + K)) x {s+h}. Define 7 as the smaller time such that R x {0} is connected to a
translate R’ = [—L, L] x [K, K + 2r]. By our discussion above we have that the probability
that 7 € [0,S + h] is larger than (1 — €)%

Using the Strong Markov Property and Lemma we have that R’ x {7} is connected
with N points in [-L, L] x [K + r,2K +r] x {7 + S}.

From those N points we select M points such that each pair of points is at distance
at least 3r + 1. We denote this subset of points as A. For every z = (z,y) € A with
the second coordinate less than 2K we associate the cylinder R, x [7+ 5,7+ S + h]. For

every z = (x,y) € A with the second coordinate greater than 2K we associate the cylinder
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(R, — (0,7)) x [T+ S,7+ S+ h]. These cylinders are disjoint, and by our selection of
M we have that with probability larger than (1 — €) at least one z = (z,y) € A satisfies
(2,7 +8) = 2/ x {7+ S +h} inside R x [r + S, 7+ S + h] for every 2’ € R, where R is R,
or R, — (0,7) depending on the second coordinate of z. Therefore, we get a translation of
Rin [-L,L] x [K,2K] x [S + h,2(S + h)], connected inside [-L, L] x [-K,3K] x [0,2T].
With probability greater than (1—e€)*, the construction above give a translation A x {s}
of R x {0} such that A x {s} C [-L, L] x [K,2K] x [T, 2T. O

The final step is to repeat Lemma many times in order to enlarge the dimension of
the renormalized box with the aim that UP"8(m,n) will be a 1-dependent system. In the

following lemma we use the notation R, = [—L, L] x [—r,r] 4+ (0,y).

Lemma 4.6. For any e > 0, j € N, y € [-2K,2K] and t € [0,2T] with Py-probability
larger than (1 — €)%, there exists a translation of Ry x {t}, II, such that

(i) 1 C [-L,L] x [-2K + jK,2K + jK]| x [j2T, (5 + 1)2T)],

(it) Ry x {t} is connected to all points in 11 inside the region

U [FL. L] x [-3K +iK, 4K + iK] x [0,2T + i2T). (4.3.31)

0<i<j—1

Proof. The proof of this lemma is basically the proof of Lemma (19) in [3].
We first prove the Lemma for j = 1. To obtain the result we use Lemma [4.5]and Strong
Markov property.

Case 1 y € [-2K,K] and t € [T,2T]. By Lemma we have that with probability larger
than (1 — €) there exists a translation of R, x {t} [-L,L] x [K +y,2K + y] X s
with s € [T+ t,2T + t], such that every point in this translation is connected with
R, x{t} inside [-L, L] x [-K 4+y,3K +y| x [t, 2T +t]. This way we have a translation
Il in [-L, L] x [-K,3K] x [2T,4T] with all points connected with R, x {t} inside
[—L, L] x [-3K,4K] x [0,4T], with probability larger than (1 — e).

Case 2 y € [K,2K] and t € [T,2T]. By Lemma we have that with probability larger
than (1 — €) there exists a translation of R, x {t} in [-L,L] x [-2K +y,—K +y] x s
with s € [T 4 ¢,2T + t], such that every point in this translation is connected with
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Case 3

R, x{t} inside [-L, L] x [-3K +y, K +y| x [t, 2T +t]. This way we have a translation
IT'in [-L,L] x [-K, K| x [2T,4T] with all points connected with R, x {t} inside
[—L,L] x [-2K,3K] x [0,4T], with probability larger than (1 — ¢).

y € [-2K,0] and ¢ € [0,T]. By Lemma |4.4] we have that with probability larger than
(1 — €) there exists a translation of R, x {t} in [-L, L] x [K + y,2K + y] x s with
s € [t, T+t], such that every point in this translation is connected with R, x {t} inside
[—L,L] x [-K +y,3K +y| x [t,T +t]. This way we have a translation IT in [-L, L] x
[—K,2K]x[T, 2T] with all points connected with R, x{t} inside [-L, L] x[-3K,3K]x
[0,27]. Since the center of the translation II is in [—L, L] x [-K,2K] x [T,2T] we
can apply Case 1 or Case 2 to find a translate of IT in [—L, L] x [-K,3K] x [2T,4T]
connected inside [—L, L] x [-3K,4K] x [0,4T]. The composite of the two steps is
successful with Py-probability greater than (1 — €)2.

The other cases are very similar to Case 3.

For j > 2 we iterated the construction above and use the Strong Markov property. [

Taking j = 11 in Lemma [4.5] we obtain the following proposition.
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